CONFIGURATION SPACE INTEGRALS FOR EMBEDDING 
SPACES AND THE HAEFLIGER INVARIANT 



KEIICHI SAKAI 

Abstract. Let K,n,j be the space of long j'-knots in R". In this paper we 
introduce a graph complex D* and a linear map / : X>* — > f2Jj^(/C„j) via 
configuration space integral, and prove that (1) when both n > j > 3 are odd, 
/ is a cochain map if restricted to graphs with at most one loop component, 

(2) when n — j > 2 is even, 7 is a cochain map if restricted to tree graphs, and 

(3) when n — j > 3 is odd, / added a correction term produces a (2n — 3j — 3)- 
cocycle of ICn,j which gives a new formulation of the Haefliger invariant when 
n = 6fc, j = Ak — I for some k. 



1. Introduction 

The aim of this research is to study the topology of the space of long knots. 

Definition 1.1. A long j-knot in M" is an embedding / : K" which is 

standard at infinity: 

f{x) = {x,o)ew x{Qr-^, x^[-l,iy. 

Denote by /C„.j the space of long j-knots in M", equipped with C°°-topology. 

In this and the forthcoming papers [TB] we will develop the methods to study 
ICn.j originated in perturbative Chern-Simons theory. This method was used by 
various authors [H [S] llO j to give some integral expressions of the finite type in- 
variants for knots in M.'^. Cattaneo, Cotta-Ramusino and Longoni 5] generalized 
their constructions to define a cochain map from a certain graph complex to the de 
Rham complex of the space of (long) 1-knots in M", n > 3, via fiber- integrations 
over configuration spaces. Not only the trivalent graphs correspond to finite type 
invariants, but non-trivalent graphs can also work in their framework. Indeed, some 
non-trivalent graph cocycles produce non-trivial cohomology classes 115] . 

Another generalization was done by Rossi [13] and Cattaneo- Rossi [B], who 
proved the invariance of (order two) Bott invariant and order three invariant for 
long m-knots in M™+^ for m > 2. Following their work, Watanabe [50] proved that 
there is one finite type invariant for long "ribbon" m-knots [7] in R™+^, to > 3 
odd, at each even order. These invariants also come from trivalent graphs via the 
perturbative method. 

In this paper we introduce graph complexes in the same manner as [5] generated 
by more general graphs than those in [Hlllllll^. We prove that some graph cocycles 
produce cohomology classes of )Cn,j via configuration space integrals. 
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Theorem 1.2. There exist graph complexe^ Dg'* , k>l and g > 0, spanned by 
graphs of first Betti number g (after its 'small loops' are removed) and linear maps 

I : Dg'^ — > ri^^]^ ^-'^'-^ ^^^\lCn,j) given by configuration space integral. The 

map I is a cochain map when n — j > 2 is even and g = 0, or both n > j > 3 are 
odd and g — 1- 

Unfortunately it is not known how 'big' the graph cohomology H*{T>^) is. But 
in [16] we will prove that H*{'D\) is not trivial, and the map / produces non-trivial 
cohomology classes of /C„j- and /Cnj for various n and j, which generalize the 'finite 
type invariants' for 'long ribbon knots' [71 [20]. Here /C„j is the space of long j'-knots 
'modulo immersions' (see for example |16[ I17j). When n — j is odd, we have no 
idea to prove that / is a cochain map, since we cannot ignore the contributions of 
some 'hidden faces' of the boundary of configuration spaces. So we will need some 
correction terms (different from that given in Theorem II. 3p . See |16] . 

The graph complex introduced in ^ is conjectured to give all the real cohomology 
classes of /C„,i, while it is not clear whether the graphs appeared in [Sl[Tll|^ are 
enough for iJ|)^(/C„ j). But our graph complex V* = 0^ T>* contains more general 
graphs, so we might be able to conjecture that our graph complex would describe 
whole H^j^(]Cn,j)- The next Theorem 11.31 confirms the conjecture; via perturbative 
method we can give a new formulation of the Haefliger invariant [51 [S] . 

Theorem 1.3. Suppose n — j > 3 is odd and 2n — 3j — 3 > 0. Then a graph 
cocycle H G T^o '^ produces a non-trivial cohomology class Ti. :— [I{H) + c] G 
^IXR^^ ^(/C„.j), where c is some correction term. Moreover when n — 6k and 
j = 4fc — 1, e Hl)j^{ICek,4k-i) is nothing but the Haefliger invariant (up to sign). 

The correction term c is added to kill some contribution of the 'anomalous face' 
of a compactified configuration space. This contribution is an obstruction for / to 
be a cochain map. See 21 ^-^d ^l5]for details. 

The Haefiiger invariant, an isotopy invariant for (long) (4fc— l)-knots in 6fc-space, 
was originally defined by using a 4fc- manifold bounded by the knot in (6fc + 1)- 
space. Instead of such additional data, we use the generators of cohomology of 
configuration space. 

This paper is organized as follows. We define the graph complexes in [JS] and 
describe the integration map / in detail in Sj31 Several vanishing results are proved 
in Sgjto prove Theorem [HI The class H £ iJ^'^"^^ "^(/C„j ) is studied in gl To 
prove dTi. = we need some of the results in ^ which hold even if n — j is odd. 

Acknowledgment. The author expresses his great appreciation to Professor 
Toshitake Kohno for his encouragement, to Tadayuki Watanabe for many useful 
suggestions and comments, and to Masamichi Takase for his idea to improve Theo- 
rem ll.3l The author is partially supported by the Grant-in- Aid for Young Scientists 
(B), MEXT, Japan, by The Sumitomo Foimdation, and by The Iwanami Fujukai 
Foundation. 

2. Graph complexes 

This and the next sections provide preliminaries for not only the subsequent 
sections but the forthcoming paper [16j . In this section we introduce more general 
graphs than those in [Sl[Tll[2nji including 'degenerate graphs.' 



The combinatorial meaning of the number k will be specified in Definition 12.21 
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2.1. Graphs. The graphs appearing here have two types of vertices. One is the 
external verteK (or shortly e-vertex), which is depicted by o, while the other is the 
internal vertex (shortly i-vertex), depicted by •. 

Similarly there are two types of edges. One is 6-edge, which is depicted by a 
dotted line, and another is -q-edge, depicted by a solid line. We suppose that all the 
endpoints of ?7-edges are i- vertices. 

A 0-edge e can form a small loop at an i-vertex p, that is, e may have exactly 
one i-vertex p as its endpoint. A single ry-edge is not allowed to be a small loop, 
but an T^-edge together with a 0-edge can form a loop at an i-vertex, called a double 
loop. When we count the edges of a graph, we count a double loop twice, regarding 
it as consisting of an 77- loop and a ^-loop. But a double loop raises the first Betti 
number of the graph by one. 

Definition 2.1. A vertex u of a graph is admissible if it is 

(1) an i-vertex of valence > 1 with at least one 6'-edge (possibly a loop) ema- 
nating from V, or 

(2) an e-vertex of valence > 3, with only 6'-edges (which are not loops) ema- 
nating from V 

(see Figure [^TTjl . A graph is called admissible if all its vertices are admissible. 



(1) 
«... 



(2) 



Figure 2.1. Admissible vertices 



Figure [2?2l shows an example of an admissible graph. There might be an i-vertex 
which is adjacent to more than one 0-edges, an e-vertex of valency > 4, and so on. 
Such vertices did not appear in [HI HU [5U] . 
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Figure 2.2. An example of an admissible graph for odd n and j 



In ^ the graphs will be regarded as in M" (Figure 12. 3p ; the set of vertices will 
become a configuration of points in M", where the i- vertices are on (or a long j- 
knot) embedded in M". Each edge will correspond to a 'direction map' determined 
by its endpoints, or to the volume form of sphere pulled back by the direction map. 
The rj-edges correspond to directions in W , while 9-edges to those in K". 

Afterward we will need to fix the orientations of configuration spaces and the 
signs of the volume forms. For these purposes we 'decorate' the graphs as follows 
(see Figure [ 
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Figure 2.3. The graph from Figure [2?2l in W' 



(1) The i- vertices are labeled by 1, . . . , s and the e- vertices are labeled by s + 
1, . . . , s + t for some suitable s and 

(2) When both n and j are odd, all the edges are oriented, all the loops are 
ordered and each loop is given the sign ±1. 

(3) When n is odd and j is even, all the 6'-edges are oriented, while all the 
77-edges are labeled. 

(4) When n is even and j is odd, all the 6'-edges (including those in double 
loops) are labeled, while all the 77-edges are oriented. The double loops are 
given other labels 1,2, .. . than those for all the 0-edges. A double loop is 
given a sign ±1. 

(5) When both n and j are even, all the edges (including those in double loops) 
are labeled. The small / double loops are given other labels. 



(2) 
o. 

p ■■ 



(3) 



(4) 



(4) 



o-.. (1) 



O.. (a) (6) • 

P ^ 



Figure 2.4. Decorations of graphs 



2.2. Space of graphs. Below we assume that all the graphs are admissible and 
decorated unless otherwise stated. 

Definition 2.2. For a graph F, define 

ordF tJ{6'-edges of F} - tJ{e- vertices of F}, 

degF := 2tl{6'-edges of F} - 3tl{e- vertices of F} - tl{i-vertices of F} 

(for example, ordF = 7 and degF = 5 for the graph F in Figure [221 see below 
for more explanations). We denote by T)^'^ the vector space spanned by admissible 
decorated graphs with ord — fc, deg ~ I modulo the subspace spanned by 

p/ _ ^_-[^^jsign(T+risignT+a+6+signpp p// 

where F' is obtained from F by 

• permuting the labels of i- and e-vertices of F by cr G &s and t e 64 
respectively (s and t are the numbers of i- and e-vertices of F respectively), 

• reversing a oriented edges of F, and 

• switching h signs and permuting the labels of small / double loops by p. 
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and r" is a graph with 'multiple rj- (or 9-) edges,' i.e., there are two vertices p,q 
which are joined by two or more rj- (or 9-) edges (we allow p, q joined by two edges, 
one ?7-edge and one 9-edge). Moreover we introduce one more relation; F ~ in V* 
if n — J is odd and F is a graph with at least one small loop, or if n is odd and F 
has a double loop. 

Remark 2.3. The sign jsign cr + nsignr will correspond to the orientation sign of 
the configuration space. In fJJlwe will associate the volume forms of spheres of even 
dimensions with the oriented edges. Reversing an oriented edge corresponds to pull- 
back via the antipodal map, hence yields a sign —1. Unoriented edges correspond 
to differential forms of odd degrees, so permuting the labels yields a sign. 

The meaning of ordF is as follows. In Figure [^751 if we contract W together with 
?7-edges regarded as in , then we obtain a one dimensional CW complex whose 
edges are 9-edges. Its first Betti number is equal to ordF. 

To explain the meaning of deg F, we need some terminologies. 

Definition 2.4. An admissible vertex is said to be non-degenerate if it is 

• an i- vertex with exactly one 9-edge (and possibly many ?7-edges) emanating 
from it, or 

• a tri-valent e-vertex. 

All other vertices are said to be degenerate. 

For example, all the vertices in Figure [2TT| and the vertices 1, 2, 6, 7 and 9 of 
the graph in Figure are non-degenerate. 

Remark 2.5. It can be easily understood that "non-degenerate vertex" is the 
same notion as "trivalent vertex" in [5j . All the vertices of the graphs appeared in 
[51 [131 [ini are non-degenerate. 

Lemma 2.6. We have degF > for any admissible graph T, and degF ~ if and 
only if all the vertices of F are non-degenerate. 

Proof. This Lemma is obvious by the definition of admissible vertices; at least one 
^-edge emanates from any i-vertex of a graph and at least three 9-edges emanate 
from any i-vertex. This implies 

2ji{0-edges} > 3jJ{e- vertices} + tt{i-vertices} 

and the equality holds if and only if exactly one (resp. three) ^-edge emanates from 
any i- vertices (resp. e- vertices), that is, all the vertices are non-degenerate. □ 

Remark 2.7. Let F be an admissible graph of ordF = k, degF ~ I. Then F has 
2k — I vertices; it is a direct consequence of the definition. In particular, if F is 
non-degenerate {I ~ 0), then the number of all vertices is 2k. In [^U] the half of the 
number of the vertices of a (non-degenerate) graph is called its 'degree.' Thus our 
terminology 'ord ' is a generalization of the 'degree' in [20] , 

2.3. Coboundary operation. 

Definition 2.8. Let F be a graph and e = pq its (possibly oriented) edge (but not 
a loop). Define a new graph F/e as follows (see Figure \2M . 

(1) When e is an rj-edge (then endpoints p^q are both internal), define F/e by 
contracting e, that is, identifying the endpoints p, g of e and removing the edge 
e. The decoration of F/e is derived from that of F; the vertex of F/e where the 
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contraction occurred is re-labeled by min{p,q}, and all the labels of the vertices 
of r bigger than max{p, q} are decreased by one. The labels of the other vertices 
remain unchanged. When j is even and e is the i-th edge, then the labels of other 
edges bigger than i is decreased by one. 

(2) When e is a 6'-edge and at least one of p, q is an e- vertex, then F/e is defined 
in the same way as above. If both p, q are external, then the vertex where the 
contraction occurred is also external. If one of p, q is internal, then the resulting 
vertex is internal. 

(3) When e is a 9-edge with both p, q being i- vertices, then F/e is obtained from 
F by identifying the vertices p and q, but not removing the edge e. The edge e 
becomes a small loop at the i- vertex min{p, q}. The labeling of F/e is determined 
similarly as above. When n and j are odd, its sign is +1 (resp. —1) if p < q (resp. 
p > q). This small loop is labeled by a if F has (a — 1) small loops. 

(4) When e is the 77-edge of the multiple edges joining two i- vertices, then F/e is 
obtained from F by identifying the vertices p and q, and attaching a double loop at 
p. This double loop is labeled by a if F has (a — 1) loops. When j is odd, the sign 
±1 is given similarly as in (3). We do not define F/e for a 9-edge of the multiple 
edges. 

(2) 

p p q P p q P 

I— !■ • O O I— > o I • o I— !■ • 

(4) 

K^V -I ^'Q {p<q) 

P ■■■ p 



(1) 



(3) 



q 

■ ■■m 



Figure 2.5. Contractions of edges 

We should notice that a graph F/e of type (3) in Figure [^31 is ruled out in D* 
when n — j is odd, and similarly a graph F/e of type (4) is ruled out when n is odd 
(see Definition 12. 2[) . 

We would like to define the operator S by 

sr= Yl (-i)'^'^r/e, 

ee£;(r)\{ioops} 

by giving some suitable signs T(e), where E{r) is the set of edges of F. 

Proposition 2.9. If we define the signs r(e) as in (l)-(5) below, then the operator 
5 is well-defined and determines a coboundary operation 

that is, 5 o S = 0. Thus {T)^'* ^ (5} is a cochain complex for any k. 

(1) Let both n and j be odd. For any oriented edge e = pq, define r(e) by 



(2.1) r(e) := 



1 9 p<q, 

\p+l p>q. 



(2) Let both n and j be even. For the i-th edge e, define r(e) by 

i e is of type (1), (2) in Figure[ 

u + 1 e is of type (3) in Figure\ 



Tie) 
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where u is the number of small / double loops ofT. 

(3) Let n be even and j be odd. For any oriented rj-edge e — pq, define T(e) by 
(j2.ip . For the i-th 6-edge e = pq, p < q with q being an e-vertex, define T(e) := 
i + s + 1, where s is the number of i-vertices ofT. 

(4) Let n be odd and j be even. For the i-th rj-edge e, define T(e) := i + t + 1 
where t is the number of e-vertices ofT. For any oriented 6-edge e = pq, define 
T(e) by (123]). 

(5) Consider the case thatn is even, andp andq are i-vertices joined by 'multiple 
edges, ' one rj-edge and one 9-edge. If j is odd and the rj-edge is oriented from p to 
q, then r is given by (|2.1[) . If j is even, then t = m + 1. 



Remark 2.10. The signs in Proposition 12.91 correspond to those of induced orien- 
tations of the boundary strata of configuration spaces; see ^5.51 



The proof is completely similar to [3 Theorem 4.2]; choose two edges ei and 
62, and contract them in two different orders, then we obtain the same graph with 
opposite signs. Notice that ii n — j is odd (resp. n is odd) the case (3) (resp. (4)) 
in Figure [2?5] does not occur. 

3. Configuration space integral 

3.1. Configuration spaces. For any space M, denote the space of configurations 
in M by 

Cl{M) := {(xi, . . . e A/'^ \xp^xqiip^ q}. 

Let r be a (possibly non-admissible) decorated graph with s i-vertices, t e-vertices 
and u loops. Define the configuration space associated with (vertices of) F by 

{f\Xi, . . .,Xs]ys+l, ■ ■ -.Vs+t) 

e /C„j X C°(Ri ) X Cf(M") 

We think of i- vertex p (resp. e-vertex q) as corresponding to Xp E W (resp. yq E R") 
for all 1 < p < s (resp. s-\-l<q<s-\-t). The 5'^~"'^-factors will be used to define 
a differential form for a loop e (see below). There is a projection 

TTr : Cp — > ^n,j- 
We will denote its fiber over / by Cp{f). 

3.2. Differential forms associated to graphs. Let e — pq he a.n (oriented) edge 
or a loop of F. To e we will assign a differential form Ue e ^hni^r) follows. 

First consider the case that e is not a loop (thus p ^ q). When e is an 77-edge 
(then p,q < s), define the 'direction map' : Cp — > S^^^ by 

\Xq Xp\ 

When e is a 6l-edge, define ip^ : ^ S"~^ by 

^l{f,x,y,v) A_iZLe5"-\ 

\Zq Zp\ 

where 

if the vertex p is internal (thus p < s), 
if the vertex p is external (thus p > s). 
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Notation. We denote by voI^n-i the (anti-) symmetric volume form of S^~^ 
{N = j or n). Namely, wo^gw-i is an {N — l)-form of S^^^ with total integral one 
and L*volgN^i = {-~l)^volgN-i for the antipodal map l : S^^^ — s- S^~^. 

Define the differential forms uje S ^hni^r) Ve ■— {f^lTvolgj-i or 9^. :— 
{(plyvolsr^-i , according to whether e is an ry-edge or a 0-edge. Notice that, if e 
is not oriented, then the map ife has ambiguity of signs, but in such a case the 
corresponding volume form is of odd degree and is invariant under the antipodal 
map of spheres. Hence the form cOf, is well defined. 

When n — j is even, we also assign differential forms to small loops. For the 
a-th small loop e with sign e (which is always +1 when n is even) at the i- vertex 
p, define Da : ^ 5""^ by 

T~, / p \ dfx {Va) 

Da{f,x,y,v) :=€■ , 

\dfxp[Va)\ 

here df^p ■ T^^W — > rj(2.^-)M" is the derivation map. The differential form associ- 
ated with e is We := D*volg,i-i G r2^^^(Cp). Such a form is not needed when n — j 
is odd (see Definition 12. 2p . 

When n is even, to the a-th double loop at the i-vertex p with sign e (which is 
-1-1 when j is even), we assign a map Da : Cp S^^^ x S"^^ defined by 

n ff , ( dfxp{va) 

Da[J,x,y,v) := ev. 



\dfxpiVa)\ 

and a differential form uJe '■= D*^{vols3-i x volg,^-l) G il^^-'^^(Cp). 
Define the differential form tor by 

eGB(r) 

here We's for labeled edges must be ordered according to the labels, since by def- 
inition they are odd forms. Since non-labeled edges correspond to even forms, we 
need not to mention the order of corresponding forms. 

3.3. Fiber integration and compactified configuration spaces. We would 
like to define /(F) G Q*jjjj{JCnj) by integrating wp along the fiber of 7rp : Cp ^ ^n,j- 
It is not clear whether such an integral converges, because the fiber of 7rp is not 
compact. This difficulty has been resolved in [51 [3]; for any manifold M, we can 
construct a compact manifold Ck{M) with corners so that its interior is C^(M), by 
'blowing up' all the diagonals of M''. We can smoothly extend the direction maps 
like ((S's, the projections C^(M) C^_i{M) {I > 0) and the evaluation map 

ev : /C„,, X Q(R^) — . C,°(M"), (/; xi, . . . , Xk) ^ (/(xi), . . . , f{xk)) 
onto Cfe(M). 

Let s and t be the numbers of i- and e-vertices of F respectively. Define Cf by 
the pull-back square 



JCnj X C4M-'")^^C,(R") 
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where pvg is the first s projection, and define Cr := Cf x (S'-'^^)" (u is the number 
of loops of r). The differential form ojr is defined on Cr since the direction maps 
ip's are well defined on Cr- The natural projection 7rr : Cr — > JCnj is defined and 
is a fibration with compact fibers. Thus the integration 

along the fiber is well defined. The degree of /(F) is given by 
degwr — dimfib(7rr) 

- (n - i)m + u - mv} - - "tt{°} - (.1 - 1)« 

- (n - 3)im - tt{o}) + ij - - - «) + 2tt{(?} - 3tt{o} - 

= (n - 3)ordr + {j - l)(tt{?7} - - u) + degr. 

Suppose that a one-dimensional CW complex F \ {small loops} has g loop compo- 
nents (that is, the first Betti number of it is g). Then 

m - «{•} - « = -m + m + (5 - l) = -ordF +{g~ 1), 

and hence 

deg /(F) = (n - j - 2)ord F + (g - 1) - 1) + deg F. 

Proposition 3.1 ([5J). The form /(F) depends only on the equivalence class of 
F e V*. 

Proof. This is because the space V* is arranged so that the map / is compatible 
with the permutations of coordinates and the antipodal map of spheres (see [5] for 
details). But there are two point we should stress here; one is that we have to 
temporarily gave the labels to loops when j is odd. But the choices of the labeling 
do not change the form /(F) since the permutation on the (S'^^^)"-factor of the 
fiber Cr(/) is an orientation preserving diffeomorphism and preserves the form wr- 
Another is that we ruled out the graphs with small loops when n — j > 3 is odd, 
and those with double loops when n is odd (see Definition 12. 2p . This is because the 
differential forms arising from such graphs are zero (see Lemmas 13.21 13. 3|) . □ 

Lemma 3.2. When n — j is odd, then the differential form /(F) is zero for any 
graph F with at least one small loop. 

Proof. Let e be a small loop of F. Define a fiberwise involution F : Cr ^ Cr 
as the antipodal map on S'^^^ corresponding to e, and the identity on the other 
factors. The orientation sign of the involution on the fiber of 7rr is (—I)-', while 
F*u)T = (— l)"'^r since 

= (-1)" (X) vols^-^ = (-l)"a;e 



and other lu^s do not change. Thus 

(7rr)*a;r = {t^f o F)^,F*uJr = (— l)"'^"(7rr)*t^r = — (7rr)*t^r 

since n + j is odd, and hence (7rr)*ti-'r = 0. □ 

Lemma 3.3. When n is odd, then the differential form /(F) is zero for any graph 
F with at least one double loop. 
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Proof. The fiberwise involution F in the proof of Lemma 13.21 has an orientation 
sign (—1)^ on each fiber, but in the case here F*ujt = (— l)"^^a;r since F* affects 
volgj-i and volgn-i as the antipodal map. Thus 

(7rr)*t^r = (-1)"^^^ (7rr)*t^r = -(7rr)*wr. 

□ 

Thus we obtain linear maps 

where P^'' is the subspace of I?*"'' spanned by the graphs F whose first Betti numbers 
are g after its small loops (not double loops) are removed. It can be easily seen 
that forms a subcomplex of V'''* for any g (we regard the contraction (4) in 
Figure 12.51 as preserving the first Betti number) . 
Here we restate the last half of Theorem 11.21 

Theorem 3.4. Suppose n ^ j > 2 is even and j > 2. The integration map I : 
Vg'* — > fi^fl/ ^''^ ^^^* (ICn.j) is a cochain map if (1) both n > j > 2 are even 
and g — 0, or (2) both n > j > 3 are odd and g — 0,1. 

Theorem 13.41 is a direct consequence of Theorems 15.111 15.121 which are proved 
in similar ways as the results in [3 [HI [20] . The key step is the generalized Stokes 
theorem (see [5]); 

dl{r) - {nr)M^r) + (-l)'^°s"^+i(7rf ),c^r = {~l)'"'^'^^+\4)*^r 

where TTp is the restriction of nr onto the boundaries of fibers. The second equality 
holds since uir is a product of closed forms. So we need to study the boundaries of 
fibers to prove Theorem 13.41 The proof will be given in ^J5l 

Here we state one more result, which concerns the choices of volume forms. 

Proposition 3.5 ([5j). Suppose g, n and j satisfy (1) or (2) in Theorem \3.4\ and 

n — j > 2. Let vq and vi be two (anti-) symmetric volume forms of S"'^^ with total 
integral one, and Iq, Ii the corresponding integration maps. Then /i(r) — /o(r) "is 
an exact form for any graph cocycle F = ^ a^Fi. 

Proof. Choose any w' G il^^^(S'"~^) such that vi — vq — dw' , and put w — [w' + 
(— l)"t^„_iu;')/2. Then dw = vi — vo and tg„_iW — (— l)"w. Define 

V := + d{tw) e ni-jliS'^'^ X [0, 1]), 

where t is the coordinate of [0,1]. Then w is a (anti-) symmetric closed form on 
5"^^ X [0, 1]. Moreover the restriction of v onto S*"^^ x {e}, e = 0, 1, is Wg. 
Assigning to 6'-edges e of F^ the differential forms 

e,:^ (^'^xidri€ni-^{Cr, X [0,1]) 
instead of 9e, and integrating their product along the fiber of nr^ x id[o,i], we obtain 
a differential form of /C„j x [0,1], which we denote by /(F^). Its restriction onto 
/C„j X {e}, e = 0, 1, is 4(Fi). 

In Lemma [5.251 we will prove that /(F) g i7^j^(/C„.j x [0,1]) is a closed form 
if n — J > 2. This completes the proof; if we denote the first projection by p : 
ICnj X [0, 1] — > l^nji then by the generalized Stokes theorem 

djc„,,pJiT) = p,d;c„., X [o.i]/(r) ± pf /(F) = ±(/(F) l;c„., X {1} - /(r) |^„., X {0}) 
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and thus h (r) - /o (r) = ±dpJ{T). □ 

In completely similar way we can prove the following. 

Proposition 3.6. Suppose g, n and j are as in Proposition \ 3.5l Then the coho- 
mology class [/(r)] for a graph cocycle T does not depend on the choice of volsi-i ■ 

4. The Haefliger invariant 

Here we assume n — j > 3 is odd. j > 2 and 2n — 3j — 3 > 0. Then at present we 
cannot prove that / is a cochain map, but in this section we describe a (2n — 3j — 3)- 
cocycle Ti := 1(11) + c of K-n.j using a graph cocycle H S Vq' and some 'correction 
term' c. 

The graph cocycle H is shown in Figure 14.11 We call the first graph (with 
four i- vertices) Hi and the second H2; H — Hi/2 + H2/6. By using the rules in 
Proposition 12. 91 we can see that H is indeed a cocycle. 



i/=-(i) 



(2) +- 



(2) 



(1) 



J3) 



1 'A (1) 



1 



n even, j odd 



n odd, j even 



6 2 .:r°-r.. 3 



Figure 4.1. Graph cocycle H 



Theorem 4.1. Suppose n — j > 3 is odd, j > 2 and 2n — 3j — 3 > 0. There exists 
a differential form c G fl^j^j^'^^^^ (ICn.j) such that Ti. := I{H) + c is closed. 

Though rigorous definition of c and the proof of Theorem l4.1l can be found in ^ ^5.9) 
we give a rough explanation here. Let X, (M") be the space of linear injections W — ^ 
M". Then c := —p„D*fi, where D : JCnj x K"* Xj(]R") is the derivation map, p : 
JCn,j X W K-nj is the first projection and the form p, G ri^'^'^-'^'^(X,(M")) is given 
so that dfi describes the contribution of a boundary stratum of corresponding 
to the collision of all the four points. See Definition 15.231 for details. 

Below we prove Theorem II .31 which states that Ti gives a non-zero cohomology 
class and is the Haefliger invariant when 2n — 3j — 3 = 0. 

4.1. Additivity. Here we assume 2n — 3j — 3 = 0, which implies n = 6k and 
j = 4:k — 1 for some fc > 1. Then H = I{H) + c is an isotopy invariant for long 
(4/c - l)-knots in M.^'' . What we will show in this subsection is the 'additivity' of 
the invariant Ti. 

Proposition 4.2. The invariant Ti is additive under the connect-sum; for any 
f+,f- G K,QkAk-i, the Kronecker pairing satisfies 

{n, f+m^CH, f +) + {?{, f-). 

Notation. We will show in Lemma 15.261 that the invariant H is independent of 
the choice of (anti-)symmetric volume forms. So we may choose (anti-)symmetric 
volume forms voIqn-i, N = Ak — 1 ot 6k such that 

• their supports are contained in the sufficiently small neighborhoods of the 
poles pj-^ := (0, . . . , 0, ±1) G S^-\ and 
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• they arc "0{N — l)-invariant," that is, A*voIsn-i — {dct A)voIsn-i for 
any A e 0{N - 1) regarded as in 0{N - 1) 1 C 0{N) (in other words 
A G 0(N) fixes XAr-axis). 

For any / £ JCnj, the support of /, denoted by supp(/) C [—1, 1]^, is defined by 



supp(/) {x e W I f{x) ^ (x, 0) e W X {0}"-^}. 

Since we are considering an isotopy invariant, we may suppose supp(/±) C B'^~'^{e) 
and /±(supp(/±)) c Bf{e/2) U (M^fc-i x {0^+^), where 

B^ie) {(xi, . . . , x„) e R" I (xi ± 1/2)2 + ^2 ^ . . . + < £2^^ 

and £ > is a sufficiently small number. 

First we compute {H, /+) = (/(Fi), f+)/2 + (/(Fa), /+)/6 + (c, /+). The first 
term {I{Hi), /+) is equal to 



where ChiH) ~ C4(M^'^~"'^) is the fiber of tthi over / G JC(ikAk-i- Recall that the 
integrand is 0i2??236'34 restricted to the fiber. Since we choose volgN-i with support 
'localized' around we must know for which configurations x = {xi,. . . ,Xi) G 

Cijj(/+) = C4{M.^''~^) all the three vectors (pi2{x), ft4i^) ^"^^ fTsi^) ^^"^ near 
p^~^ or pjf~2; ujhi does not vanish only on the subspace of such configurations. 

Lemma 4.3. Define X+ := C2{Bf~\s)) C CHAf+)- Then 

{I{H{), /+) = / U^H,. 

Proof. For example, consider {xi, . . . ,Xi) € CHi{f+) with xi ^ B'^~^{£). 

Then by our choice of /+, the vector ip^^ixx, . . . ,Xi) cannot be in the support of 
volgsk-i (a neighborhood of the pole p^^^^). So the form 6*12 vanishes on such 
configurations. In this way we can see that the integrand does not vanish only 
on X+, since outside of X+ the images of <pi2 ^"^^ V34 cannot intersect with the 
supports of volsek-i simultaneously. □ 

Next we compute {I{H2), /+) in similar fashion. This equals 



where = ^146'246'34. Recall CH.A.f+) C Cf (M^^^-i) x 
Lemma 4.4. Define a subspace y+ C CH2{f+) by 

:= {(xi,X2,X3;y) G CH2{f+) \ at least two Xp G B^~^{e)}. 

Then 

(7(^2), /+) = / U>H2. 

Jy+ 

Proof. This is because the image of 

■■= ^?4 X X : CHA.f+) \ Y+ (S^^^-y 

is of positive codimension, and hence the puUback of the top form of (5®*^"^)^ must 
vanish on Cij2(/+) \ Y+- Indeed, outside 1+ at least two points f+{xp), f+{xg) 
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are on the standardly embedded M'*'^ ^ , hence the image of \ Y+ is the set of 
(mi,M2,U3) G {S^'^^^Y such that one vector Up has to be in the hnear subspace 
(R^*^-! X {0}2'^+i) + Mu, of M^*^, hence is of codimension > 2k. □ 

Now consider the third term (c, /+). This is an integration of D{f+)*ii over 
M4/c-i^ where : R'^'^-^ lik-i W^^) is given by x {df+)x (for the defini- 

tion of /X, see Definition 15.231 and the explanation after Theorem 14. ip . Since D{f+) 
is constant outside supp(/+), we obtain the following. 



Lemma 4.5. (c, /+) = / 

JBf-\e) 

Finally we can compute (7i, f+^f-). The long knot f+ftf- is isotopic to 
/+tt/-(^) 



(x,0) if x^Sf- 1(e) UBi'^- 1(e). 



First, by completely similar arguments to Lemma 14.31 only the configurations x — 
(xi, . . . ,X4) such that xi and X2 are in the same B^~^{e) or B'^~^{e), and so 
is (x3,a;4), can contribute to {I{Hi), /+U/-). Moreover, if X2 and are in the 
different i?'"^^i(e)'s, then the image of the direction map 'fi23{^) cannot be in 
supp(woZs4fc-2). Thus only the configurations with all four Xp's being in the same 
^4fc-ij-^-j i3^'^~i(e) can contribute to the pairing, and hence 



(4.1) {I{H,), f+U-) = coH,+ COH,. 

JX+UX^ JX+ Jx_ 

where X_ := CUB'^J'-^ {e)) . 
Next, similarly to Lemma [4.51 

(4.2) {c,f+U-)=[ ^(/+tt/-)>-E/ 
As for /(i?2), similar argument to Lemma 231 shows 

(4.3) (/(il2), /+»/-) = / tOH,+ f LOH,+ f UOH,. 

Jy+U+if-) JY_U+-if_) JYoif+if-) 

where F_(/+(j/_) C CH2{f+M-) is defined in similar way as F+ with _B+'s replaced 
by i3_'s, and lo(/+t4/-) C CR^if+tf-) consists of (cci, a;2, xa; y) with exactly one 
Xp in each B'^~'^{e). By our choice of volume forms, the integrand uih, does not 
vanish only on the subspace consisting of (xi, X2, X3, y) with 

(1) y is very near '(0, . . . , 0, ±cx)),' or 

(2) the first 6fc — 1 factors of /+(xi), f+{x2), f+{x3) and y are close to each 
other (see Figure |4T2|) . 

On Fo(/+ll/-) the condition (2) cannot hold, so we can restrict the integral over 
Yo(/+tl/-) to that over the subspace of Fo(/+tt/-) with \y\ large. Then since the 
image of /+tJ/- is very close to that of the trivial knot /o (if e is very small relative 
to I2/I), 



tjH2 - / = 0{e). 

Yo(/+tl/-) -ICh^Uo) 
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Figure 4.2. Configurations which contribute to (/(iJ2), I+M-) 
But since supp(/o) = 0, Lemma [4.41 shows that J^^ ^^.^^ ujh2 = 0. Hence 

(4.4) / = 0{e). 

l±(/+tt/_) is decomposed into two subspaces; in one space, two Xp, Xq are in 
B'^~^{£) and remaining Xr is in B'^~^{£), and in the other space Xr is not in 
B^-'^{e). In the former space, the condition (2) above cannot hold, so \y\ has to 
be large. So replacing f+^f- with f± changes the integral by 0(e); 

(4.5) / ^H2^ UJH, + 0(e). 

Summing up ((i7T|) . and and substituting and ((i3)) . we have 
(/(i?), /+«/_) = E ( ^ / + '^^^ + / ) + 0(e) 

~^\^JX, JY,{f,) JBf-'ie) J 

= {I{H),f+) + {I{H),f^)+0{e). 

This completes the proof of Proposition 14.21 since (7Y, f+^f-) is independent of e. 

Remark 4.6. By similar argument, the order two invariant [Ml [2^ for /Cm+2,m 
(to > 3 is odd) is proved to be additive under the conncct-sum. 

4.2. Evaluation. Here we prove the last part of Theorem ll.3l 

We know by [5] that 'K{){K,Qk,ik-i) forms a group under the connect-sum and is 
isomorphic to Z. Our goal here is the following. 

Theorem 4.7. When n = 6k and j — Ak ~ 1 for some k > 1, then {TC, S) is equal 

to ±1 for the generator S o/ 7ro(/C6fe.4fe-l)• 
Since both the Haefliger invariant and our Ti. are additive under the connect-sum 

(see '8' and Proposition 14. 2[) . Theorem 14.71 savs that H is the Haefliger invariant. 
We will use the generator of no{IC()kAk-i) given by Budney |4j and Roseman- 

Takase [13]. 

4.2.1. Deform- spinning. Given an A^-fold based loop 7 G f2^/C„j (for any n,j) 
represented by a smooth map 7 : M.^ — > ICnj with j{x) = l (the trivial long 
j-knot) for any x ^ [—1, 1]-', we have S-^ G K-N+n.N+j defined by 

S^{x,t) := {x,j{x){t)) e X M", xG , t e R^'. 

This is a special case of 'deform-spinning' construction [H]. Putting iV = 1, we 
obtain the graphing map gr : fllCnj ICn+ij+i given in [3]. It has been shown in 
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[4j that all the following maps 



7I'4/c-2(A^2fc+2,l) ^ 7r4fc_3(/C2fe+3,2) 



are isomorphisms, so 7ro(/C6/c.4fe-i) = Z is generated by 



gr 



4fe-2 



(4.6) 



I,4fe-2 



p2fc+2 



I,4fc-2 



where ip : K^*^"^ A^2fc+2,i is a map which gives the generator of 7r4fc_2 (A^2fe+2,i)- 
In fact 7r4fe_2(/C2fe+2,i) is the first non- vanishing homotopy group of IC2k+2,i (for 
example see [3J [T^), and the image of its generator tjj via Hurewicz isomorphism 
is given as follows (probably the dual cocycle to -0 first appeared in [19]; see also 

[n El mils]). 

Consider a 'long immersion' f -.M} ^ K^'^^^ which has only two transversal dou- 
blepoints Zi = f{£,i) = /(Cj+2), i = 1, 2, < ^2 < 6 < ^4 (see Figure |43l)- Con- 



sider the unit sphere ~ in the complementary 2fc-space to M/'(^i) © R/'(^i+2) 
in TzM'^'^'^'^. At each doublepoint Zi, we can 'lift' the segments /(^i+2 — £, ^^^+2 + 
to the directions of complementary S^^^^ to obtain non-singular embeddings (see 
Figure [i^ . More precisely, for (wi,W2) G {S'^^~^Y , define i/'(wi,i«2) G /C2fc+2,i by 



ll}{wi,W2){t) 



'fit) + ((5exp 
J{t) 



|i-6+2| <£, i = 1,2 
otherwise 



where ^ and e are positive small numbers. Thus a map ip = ips '■ {S'^'' K,2k+2,i 
is defined, and it is known that ■(/; induces an isomorphism -0, : Hik-2i{S^''^^)^) ^ 

iJ4fc_2(/C2fc+2,l)- 





..rr 


Zl 


^^"^ — ^ 


C 









Figure 4.3. Immersion / in W-^^"^ 




ipim) 




Figure 4.4. Definition of tp 
The following is proved by inspection (see Figure [44] 
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Lemma 4.8. The union 

is homeomorphic to S'^^ . Consider the map 

\v-A 

where Ii := /(^i — e,^i + e). The linking number of W3, with Ii is one; more 
precisely, the limit S of the integration of ip*volg2k+i over W3 x Ii is ±1. 
Similar statement holds for 

VF4 := y W2)(^4 - £,'?4 + e) and h ■= f{S.2 - £,£.2 + e)- 

Fixing the natural projection tt : [—1/2, 1/2]^*^^^ S'^'^^^ such that 

. qf-' := 7:-\pf-') G (-1/2, l/2)2'=-i (recall /^'^-^ (0,...,0,±1) £ 

• 7r(i9[— 1/2, 1/2]^*^^^) consists of a single point uq := (1,0,..., 0), 

we can think oi as 4' ■ [~l/2, 1/2]""^'^^ — > /C2fe+2.i- We can extend ip to whole 
M4fc-2 so that V(a;) = l ii x [-1, l]'*''-^ (ggg ^Iso ^T^, since /C2fe+2,i is (4fc - 3)- 
connected as mentioned above. Thus we have 5"^ S ICek,4:k-i defined as (|4.6[) . 

Theorem 4.9 ([4j[T3]). If ip is as above, then 5*0 generates Tro^JCekAk-i)- 

Remark 4.10. In [13] a generator of noCEmb {S*''-^ , S^'')) was defined by the 
deform-spinning : {S'^^~^)'^ ~^ ^2fe+2,i along the torus. But it is not difficult to 
see that such a spinning also gives an element of lCQk,ik-i which is isotopic to our 
S^p given by the graphing map [4]. 

The above construction can be done for the generator of 7r2d-2(^d+2,i) for any 
d > 1 to obtain S*^ S K,?,d,2d-i- Since we assumed that n — j = d+l\s odd, we put 
d — 2k here (otherwise there exist orientation reversing automorphisms of graphs 
Hi, and hence they vanish). When d is odd, any generator of 7ro(/C3(j,2(i-i) = Z/2 
would not be detected by any dc Rham cohomology classes. 

4.2.2. A suitable choice of ip : E'*'^^^ l^2k+2,i- Below we will compute 

(4.7) {n, S.^) = i / "^H^ + l I LOH,+ f DiS^YiJL, 

where D{S^) : R^fc-i X4fe-i(K6'^) is defined by D{S^){x) := {dS^)x, and n is 
defined in the sentence after the proof of Lemma l5.22l To simplify the computation 
of (|4.7p . we need to choose a favorable extension ^jj : M^'^~^ — > JC2k+2,i- 

First, we take the immersion / as in Figure 14.31 almost all the image of ^^{x) 
is contained in the 2-plane x {0}^'^ C M^'^+^, except for the neighborhoods of 
zi, Z2 and another crossing c which corresponds to /(Ci) and /(C2): £2 < Ci < Csj 
^4 < C2 < 1- We suppose that the arc 'ip{x){(^i — e, Ci + £) is in the 2-plane, 
V'(a^)(C2 C2 +£) is in the 3-plane x {O}^''"^ C R^''+^ and that the resolutions 
of segments ip{x){£^i+2 — £, £,i+2 + e) occur in {0}^ x R^*"'. 

Next we suppose that the image of tp{x) is 'almost' in R^; 

(4.8) V(a;)(R^) C X (-(5, Sf' for any x e R^''^^. 
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Lastly we suppose ip is 'symmetric' in the following sense; define 

X := {(s,i,u) £ M^''"^ X ]R2fc-i x | s ^ [-l/2,l/2]^''-\t e [-1/2,1/2]^''-^}, 

r := {(s,i,u) e M^fe-i xR2fc-i xRi|se [-l/2,l/2]^''-\t ^ [-1/2,1/2]^''-^}, 

Z ;= {{s,t,u) e M.'^''-^ X M^fc-i X |s,t^ [-1/2, l/2]2''^-^} 

and X', Y' , Z' as the images of X, F, Z respectively via the first 4fc — 2 projection 
pr4fc_2 : K**''"^ ^ K**''"^ (see Figure |431). Define : X' ^ IC2k+2.i by 

^{s,t) = his\/\s'\{Tr{t)) 

where ha ■ S"^^^^ A^2fc+2,i (a > 1) is a one parameter family with hi = ip{uo, — ) 
and ha = i (the trivial long knot) for a > 2, and s' G 9[— 1/2, 1/2]^'^^^ is the 
unique element with s = as' for some a > 1. Using similar one parameter family 
connecting iI){—,uq) (resp. il){uii^uo)) and t, we can define -0 on Y' (resp. on Z') 
(see Example 14.111 and Figure [175)1 . We can modify so that it is smooth. The 
following properties of V' will be important below; 

(4.9) V(s,i) = V-C-s,*) if (s,i) G X'U Z', 

(4.10) V(s,i) = V'(s,-0 if (s,i) e r'uz'. 

Example 4.11. Consider the case fc = 1 (see Figure l4?5|) . X' ICi^i is given as 



X' ■■ 










;i/2 ; 
-1/2 ; ; 










X' 

s 


Z'' 










:o 1/2: 
-1/2; ; 










>- 

Z' 



Y' \ 

Figure 4.5. Extension : — > ICa,! 

a nuU homotopy ^(s,-) : )Ci,i (|s| > 1/2) from ■0({l/2} x 5^) to t. Since 

^'({1/2} X [-1/2, 1/2]) and ^'({-1/2} x [-1/2, 1/2]) are the same cycle of /C4,i, two 
homotopies corresponding to X' O {s > 1/2} and X' {s < —1/2} can be taken 
so that ilj{s,t) = ip{—s,t). This is (|4.9p . Similarly Y' — > /C4^i is a homotopy from 
ipiS^ X {1/2}) to i, and V(s, t) = V(s, -t) on F'. 

Eight thick segments {±1/2} x {\t\ > 1/2}, {jsj > 1/2} x {±1/2} in Figureg^] 
represent the same homotopy from 'ip{l/2, 1/2) to t. Thus we can define by 

V'(rcos/3 + l/2,rsin/3 + 1/2) V(r + 1/2, 1/2) (0 < /3 < tt/A) 

on Z' n {s,t > 1/2}, and similarly on other components. Then it is easy to see 
ipis, t) = il}{-s, t) = ip{s, -t) ^ ipi-s, -t) on Z'. 

Using such an extension ip, we will compute (|4.7p . 
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4.2.3. The first term {I (Hi), S,p). First let us study on which configurations x = 
(xi, . . . , 2:4) e Chi (Sti,) the integrand ujhi does not vanish, as was done in ^ 34. II 
Let us write Xp := (s^p), u^^)) e (M2fe-i)2xMi (p= 1,...,4). Then by gH), 

'S'^(a;2) - S^{xi) = 

(4.11) (s(2)-s(l),i(2)_t(l),^(s(2)^t(2))(j2))„^(^(l)^^(l))(^(l))) 

By ((48)) . the length of the last 2k factors of (|4?TT|) is at most 2V2kS. So 
(/3^2(2;i,a;2) = (<S'v>(2;2) - S'^(2:i))/|<S'^(a;2) - S^{xi)\ is near pjf""^ only if at least 
the first 4fc — 2 factors of (|4.1ip are nearly zero, that is, (s(^),i(i)) IS near 
Similarly (s'^',i'^') must be near {s''^\t'^^^). Moreover (s'^^i'^') must be near 
(5(3)^^(3)^^ since w = (2:3 — a;2)/|a;3 — X2\ is near p'^~'^. Thus we need to consider 
only X — {xi, . . . , X4) with all {s^^^t^P^) {p = 1, . . . , 4) close to each other. Notice 
that they must become closer and closer if we choose vol gN-i with smaller support. 

Let L := (—1/2 — a, 1/2 + 0)""^"^ x (a > is a fixed smaU number) be a smaU 
neighborhood of [-1/2, l/2]4'=-2 x R\ and consider x e Ci{W^''-'^ \ L). 

Lemma 4.12. // we choose ijj as in ^4.2.2\ and volgN-i with sufficiently small 
support, then the integration of ujhi over C4{M.'^'^^^ \ L) vanishes. 

Proof. If supp(wo^5Jv-i) is sufficiently small relative to 5 > Q, then [xi, . . . ,0:4) S 
Ci{«^''^^ \ L) must be such that all (s^^) , t'^P^) (p = 1, . . . , 4) are close to each other 
so that at most one of {xi, . . . , X4} r\{X\L) and {xi, . . . , X4}r\ {Y\L) is not empty. 

Consider the integration of ojhi over {x e Ca{M.'^^"^ \L)\x C^ X 7^ 0}. Notice 
that in this case x ^ C4{X U Z). Define an involution Fi of this subspace by 

Fi{xi, . . . ,X4) := {iixi, . . . ,11X4), 

where ii : R'*'^-^ R'*'^-^ is given by ii{s,t,u) := {-s,t,u) {s,t e M^'^-i, u e M^). 
The map Fi preserves the orientation, but F*ujhi = —ojhi because 

• (/3?2 o Fi = ii o Lp{^ by (gJl) and (j4ll|) (here we abbreviate ii x idR2):+i : 
]g6fe ^ j^)^ Yierice F^ei2 = (-l)2'="^6'i2 = -6*12 (since we have 
assumed ilvolgek-i = {—l)'^'^^^volg6k~i; see the remark after Proposition 

EM, 

• similarly F*6z4 = —^34, and 

• (^23 ° ^1 = ii ° ^23 ^-iid hence F;^*7723 = -7723- 

Hence the integration of ojh^ over {a; G C4(R""^^^ \ L)\x X ^ 0} must vanish. 
Similarly, we can show the vanishing of the integration of ujhi over {x C]Y ^ ^} 
by considering an involution F2 given by ^2(2:1, . . . ,2:4) :— {12X1, . . . ,122:4), where 
i2 : E'**^^^ is given by i2{s,t,u) := {s,—t,u). The vanishing of the 

integration of lohi over {x H X = x HY = (I)} is proved in similar way; in this case 
X £ Ci{Z \ L), and hence either Fi or F2 can work. □ 

By Lemma 14.121 only 2; = (2:1, . . . , Xi) with at least one Xp in L (and other 2;g's 
near L) contributes to {I (Hi), S^,). 

Consider the tubular neighborhood N = M'"^-^ x [-1/2, 1/2] of R'"^-^ in R4fe-i. 
Define four 'fat planes' by 

N, R'"'-^ x{^,-e,^i + s)cN C R'"'"\ 1 < i < 4 
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and e have appeared in the definition of Recall that we write :— 
TT-^{pf~^) (we choose tt so that qf^^ G {-l/2,l/2)^''~^). 

Lemma 4.13. Let xi,X2 G R^*^'^^ be two distinct points with at least one Xp G L. 
Then the direction (^^2(2^1: 2;2) is near p^^^ only if 

• (s(i),t(i)) ts near{s^^\t^^^), 

• xi € Ni and X2 G -/Vi+2 for some i ~ 1, ... ,4 (here the suffixes are under- 
stood modulo 4), and 

• s'^^ (resp. t'^^\ s'^^\ t^^^ ) is near q± when {xi,X2) G N1XN3 (resp. N2XN4, 
N3 X Ni, Ni X N2). 

Proof. We have already seen that (s*^^\t^^)) must be near (s^^\t'^^). But it is 
not enough; the direction determined by the last 2fc + 2 factors -0(s'^\ <'^^)(u'-^-') — 
il){s^^\t^^'^){u'''^^) of (|4.11[) must be near p^^^ , and it is the case only if the two 
points ■0(s(p\ t(p))(u(p)) [p — 1,2) are around a self-intersection Zi of / (see Figure 
14. 4p which is resolved in a direction near p^''^^. Such a situation is realized, for 
example, if 

• G (^1 - e, ^1 + e) and u^^) g (^^ _ ^3 + and 

• 7r(s(2)) is near pf+^ (recah tt : [-1/2, l/2]2'=-i -» S^^-^). 

This is the case of {xi^X2) & Ni x in the Lemma. □ 

Thus it suffices to consider x G Cifj(5^,) such that both {xi,X2) and {x3,X4) 
satisfy the condition of Lemma [4.131 and all the {s^P\t^P^) G R^*^"^ are close to 
each other. We divide such configurations into two types. 

Type I. All the four points S^{xp) (1 < p < 4) are near the resolution of a single 
Zi [i = 1 or 2). 

Let us write iVp,g,r,s iVp x TV, x A'"^ x iV^ C Ci{W^^-'^) {p,q,r,s = 1,2,3,4). 
Type I configuration a; — {xi, . . . ,X4) is in Ni^i+2,i,i+2 or Ni^i+2,i+2,i for some i 
(modulo 4). Figure shows an example of cc G ^^1,34,3 such that ipH^{x) = 
{vi,V2,w) {(fiHi ■= 'P12 ^ 'fiti X V23) support of the volume forms. 




Figure 4.6. x = ip^l{vi,v2,w) G iVi,3,u3 

Type II. Two points S'^(a;i) and S^{x2) are near the resolution of Zi of /, and 
StIj{x3) and S-^{x4) are near the resolution of z^+i, i = 1 or 2 (here Z3 := zi). 

Such a configuration is in Ni^i^2.i+i,i+3 or Ni^i^2,i+3,i+i for some i. Type II 
inverse image of (wi, W2, w) G {S^''^^)'^ x S*^*^"^ via (pHi looks like Figure HTTl because 
of the following. 
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Lemma 4.14. Let v G S^'^ ^ near ^ be given. If the pair {xi,X2) € Ni x 
N3 satisfies 93^2(2^1:^2) = v, then s*^^-* and u'^'^^ are uniquely determined by v. If 
moreover we give any t'^^ to fix Xi, then accordingly Xi is determined. 

Similarly, if {xi,X2) € N2XN4 satisfies (^3^2(2^1? 2^2) = v, then {xi,X2) is uniquely 
determined according to given s'^^^ . 

Proof. Consider the case {xi,X2) £ Ni x N3. The last 2k + 2 factors of (pi2{xi, X2) 
are determined by ip{s^'^\t^'^'>){u^'^'') — ip{s^^\t^^'>){u^^^'>) as we see in (|4.1ip . Compar- 
ing them with those of w, we can see that s*-^-*, u^-^^^ and u^^^ are uniquely determined 
so that s*^^-' is near q+ (see also Lemma [4.81 . 
Thus we can fix X2 if we give any 

Then xi is also uniquely determined, since 
u^^^ is already determined as above, and (s^^^i^^^) is determined by comparing the 
first 4fc — 1 factors of v with those of (fi2{^iT^2)- O 

Figure [477l shows an example of a; = (xi, . . . , X4) £ -/Vi,3.4,2- In this case xi, . . . ,X4 
are uniquely determined by vi — ^'12(2^) ^^d V2 — 'P34{x) up to t*-^-* and s^^^ by 
Lemma 14.141 and t^^^ and s'*^' are determined by w = (2:3 — a;2)/|x3 — X2\. 




Figure 4.7. x = ipi/^{vi,V2,w) e iVi,3,4,2 

Firstly we compute the contribution of Type II configurations. Choose neigh- 
borhoods U^~^ of p±~^ {N = 6k or 4fc — 1) so that the support of volgN~i is 
contained in U^^^ U U^^^. Also choose neighborhoods V^^^ of q± so that all 
the four points {xi, . . . ,X4) of Type II configurations are mapped into the same 
Vi''-^ X V^-^ {l,m = ±) by prik-2 ■ K'*''"^ ^ R4fe-2_ j^gg^g 

_ y2k-i ^ y2k-i ^ -e,(,+e)c N,, I, m = ±. 
Define iVp'™^,, := iV^'™ x 7V^'"' x iV^'™ x A^j^™ {l,m = ±, {p,q,r,s} ^ {1,2,3,4}). 

Type II configurations are in Nl^"l2,^+l^^+3 or A^i;I+2,j+3,i+i some i = 1, . . . ,4 
and l,m — zL. There are 4 x 4 x 2 = 32 such components. Via the direction map 
ipHi , each component is mapped to some f/f*--^ X Uf,''-^ X Ufn~^ homeomorphically. 
Hence each component contributes to (/(i?i). Sip) by ±(1/2)^ = ±1/8. 
The signs are given as follows. 

Lemma 4.15. (1) All the signs for Np'™^^, l,m = ±, are same for fixed 
p,q,r,s. 

(2) // the orientations are chosen so that the sign for N^'™2 4 ^•s +1; then the 
signs for A^2 4*1 3 '^'^'^ -^3 1*4 2 '^''^ '^'^'^ those for other five components 

^2,4,3,1' ^3,1,4,2. ^4,2,1,3' ^1,3,4,2 ^4,2,3,1 "'^^ +1. 
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Proof. (1) is because the difference between the integrations of luhi over iV^ ™^ ^ and 

p,q,r,s 



N g'^g comes from the antipodal map of 5''^'^ ^ , which preserves the orientation. 



For (2), first we show that the signs for N['^2 4 ^^'^ -^3 ]"4 2 different. This 
follows from the diagram which is commutative up to isotopy 



G 



where 

G(xi , . . . , X4) := , .(1) , ^,(1) - + 6 ; i(^) , s(^) , - 6 + 6 ; 

and g is induced from {s,t,u) (s,t, — m) G (M^*^^^)^ x M^. G preserves the 
orientation but Lgek-i x g x tgek-i does not, so the signs for iV{'™2 4 f^nd iVg ™4 2 ^-^^ 

different. The signs for nI^'"^-^ 3 and nI^^^ 2 ^'i'^ same, since their difference comes 
from an automorphism of Hi , which always preserves the orientation. 

Next we show that all the signs for other five components are same as that for 

1,3,2,4- 

(i) A^{'™2 4 ^'^d ™3 1; the signs for them are same, since the difference arises from 
an automorphism of Hi. 

(ii) Ni™2 4 ^^"^ ^2'4"3 1! their signs are same because of the following commutative 
diagram (up to isotopy); 



G' 



it xidxg 

^2:"3,i — U^'-' X Ul'^^ X Uf-^ 



where 

G'(a:i,...,a;4) (s^^), t^), ^(2) ; 5^), i^^), ^.d); 

5(3) _ 5(2) + , , ^(3) . ,(4) _ ,(2) ^ ,(1) ^ ^(4) ^ ^(4) )^ 

and ii was given in Lemma 14.121 The vertical arrows preserve the orientations, so 
the signs are same. Similar diagrams shows that the signs for Ni^^ 4 iVg ™2 4 
are same. 

(iii) A'^^'2^1,3 ^ii'i -^i'm,2' their signs are same as those of A^s ™2,4 ^-^id -^i',™2,4 
spectively, since their differences come from automorphisms of Hi. □ 

By Lemma [4.15[ 24 components contribute to (/(iJi), S^) by ±1 and other 8 
components by ^1. Thus their contribution is ±(1/8) x (24 — 8) = ±2. 
Next consider Type I configurations. 

Lemma 4.16. The contribution of Type I configurations is zero. 



22 



KEIICHI SAKAI 



Proof. Consider the case when all the four points S^{xp) are near zi. Then x £ 
Ci{{Ni U A^a) n L). But on this space, the direction map (pHi is invariant under the 
translation 

(a;i, . . . , a;4) {t^xi, . . . ^TyX^), v e K^''"^ 
where T^(s,t,u) := {s,t + v,u) G R^fe-i xR^^-i xM^. This is because of (jiHj) and 
ip{s,t){u) — ^p{s,t+v){u) if(s,t,u) e {NiUN3)r]L. Hence the image of (p_ffi must be 
of positive codimension and the integrand lohi — ^p*fj^ {volgek-i x volgek-i x volgik-2) 
must vanish on C4((iVi U iVa) n L). 

In the case when four points S^{xp) are near Z2, a similar translation t^(s, i, u) := 
[s + w, i, u) would prove the vanishing of ojhi on Ci{{N2 U 7V4) n L). □ 

Thus the first term of gj]) is equal to ±2 x (1/2) = ±1. 

4.2.4. Remaining terms. To complete the proof of Theorem 14. 71 we will prove that 
the second and the third terms of (|4.7|1 do not contribute to (7i, 5*^^). 
Contribution of i72- Now we compute the second term of (|4.7p . Recall 

Ch,(5vO C C^(W^^-^) X ]Rf5^ 

Lemma 4.17. (/(iJ2), 5"^,) = 0(5)- 

Proof. Divide {I{H2), S^) into two integrations; the integration over 
R>i {{x; y) G Ch^S^) | 2/ ^ M*'^ x (-1, 1)2^'} 

(a; — {xi,X2tXz)) and that over i?<i := Cijj (5^) \ R>i. 

The integration over i?>i is well defined and continuous aX 5 — Q, since y G M.^^ 
is far from the image of S^^ (see (|4.8p ). But when S — 0, this integral is zero, since 
all the three points S^{xp) {p = 1, 2, 3) are in R'^'^ x {O}^*^ and hence the image of 
the direction map (pH2 '■— fi4 ^ ^24 ^ fsA of positive codimension > 2fc — 1 in 
^^6fc-i-j3 ^ggg Lemma [4. 4p . Hence the integration over i?>i is 0{S). 

Next consider the integration over i?<i. We have only to consider (x; y) with the 
first 6fc — 1 factors of S.^{xi), S^(x2), S^{x^) and y close to each other; otherwise 
the image of ipH2 cannot be in (supp(i;o/))'^ (see condition (2) just before Figure 
112]). In particular aU (s^P^i^P^) € R'*''-^ ^ 1,2,3) must be close to each other. 

Consider the case that x — {xi, X2, X3) G C3{M.^'^~-^ \ L). Similarly as in Lemma 
I4.12[ if we choose volgek-i with sufficiently small support, then we may assume that 
at most one of a; n (X \ L) and a; fl (F \ L) is non-empty. We can prove the vanishing 
of the integration of ujh^ over {{x]y)\x f^ X ^ 0} in a similar way as in Lemma 
14.121 bv considering an involution Fi : (xi,X2,X3;y) y-* {iiXi,iiX2,iiX3;iiy) {ii 
was defined in Lemma which preserves the orientation but satisfies F^ujh2 — 

—IVH2 because (pp^ o Fi — ii o (p^^ [p = 1,2,3) on X by l|4.9p and ilvolgek-i = 
—vols6k-i. The vanishing of the integrations over {{x;y) \ xHY ^ ^} and {xCiX — 
x n y = 0} can also be proved by similar involutions Fi, i = 1,2. 

So we may assume that one of Xp is in L (and other two points are near L). 
Since the first 6k — 1 factors of S^{xp) {p = 1,2,3) are close to each other, an 
analogous argument to the proof of Lemma 14.41 shows that only the integration 
over the subspace of {x; y) with x in C3(7Vi U TVs) or C^{N2 U N4) or Cz{N[ U 7V^), 
where N[ :— R^'^^^ x {Q — e,C,i+ e) [i = 1,2) correspond to the crossing c of / (see 
H4.2.2l and Figure H75)) : otherwise two or more S'^(a:p)'s are in R*'' x {0}^*^ and hence 
the image of the map ipu^ is of positive codimension > 2fc — 1 in {S^*'~^Y . But 
similarly as in Lemma [4.161 on these spaces we can define translations r, r' under 
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which LpH2 is invariant, and hence the integrand ujh^ niust vanish by dimensional 
reason. □ 

Contribution of the correction term c. Lastly we compute the third term of 
(|4.7p . This is an integration of D{S^)*fi over R'*''"^ (cf. Lemma 1431) . See Lemma 
15.221 and Definition 15.231 for the definition of c. 

Lemma 4.18. (c, S^) = 0. 

Proof. First we show that integrations of D{S^,)* n over X, Y and Z (see j i4.2.2p 
vanish. For X, this is because 

• ilD{S^yn = D{S^,)*^i on X, since D{S^) o = o D{S^) on X by gj]) 
(where ii : X4fe_i(R®'') X4fc_i(R^'') is given by / i-^ ii o /; see Remark 
I5.24[) and we can choose /i so that ilfi — /i (see Remark l5.24p . and 

• ii is an orientation reversing diffeomorphism of X. 
Similar arguments hold for Y and Z . 

So we may restrict the integration to [-1/2, l/2]'"="2 x K^. If {s,t,u) ^ NsUN^, 
then ■0(s,t)(u) does not depend on (s,t) € R^*^"^, so £'(5'^) is invariant under the 
translations t and t' defined in the proof of Lemma [4.161 If {s,t,u) € N3 (resp. 
N4), then tp{s,t){u) does not depend on < e R-^*^^-'^ (resp. s), so D{Sjf,) is invariant 
under the translations r (resp. r'). Thus the image of [—1/2,1/2]^*^"^ x R^ via 
D(Sti,) must be of dimension < 4/c — 1 and hence a (4fc — l)-form D{S^)* fj, must 
vanish on [-1/2, l/2]4'=-2 ^ m^. □ 

Thus we have completed the proof of Theorem 14. 7| only Type II configurations 
for Hi contribute to {Ti, S^) by ±1, and hence (7i, 5^,) — ±1. 

4.3. Non-triviality of Ti in general dimensions. Here we complete the proof of 
Theorem 11.31 Suppose that n > j > 2, 71 — j > 3 is odd and m := 2n — 3j — 3 > 0. 
Put n — j = 2fc + 1 (/c > 1) and consider S"^ e ^6/£.4fe-i as above. Notice that 
n = 6k — m and j = 4fc — m — 1, and in particular 4A: — to — 1 > 0. 

Since is of the form (14. 6p . we can find G ^^™A^6/c-m,4/c-m-i = ^™l^n,j 
such that S*^ = gr™(Z,„). Explicitly we can define Im '■ l^nj by 

(^1 ; ■ ■ ■ 1 ) ('2' 1 1 ■ ■ ■ 7 ) ■ — 

^^■^^^ ((a;i,...,x,_i),V(ii,...,tm,xi,...,a;j_i)(x,)) gR^-^ x R2'=+2 = R» 

and regard it as in ri™/C„j-. We think of [Z,„] as the generator of i/,„(/C„.j) via the 
Hurewicz isomorphism {ICnj is (2n — 3j — 4)-connected; see j4j). 

Consider H = [1(H) + c] e H^j^{JCn,j)- The following completes the proof of 
Theorem [m 

Theorem 4.19. The Kronecker pairing (Ti., Im) is equal to ±1. 
Proof. Define the spaces Ch,, i ^ 1,2, hy Ch, := K™ x C|(R^) and 

Cff, := {{t, {xi,X2,X3),y) G R'" x C^{W) x R" | lrn{t){xp) ^y, p=l, 2,3}. 
These spaces are also defined as the following puUback square; 
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Then (7i, Im) is equal to 

(4.13) \ I t^H, + t^H, + I D{l„,rf,, 

where D{lm) ■ R" x W I,(M") is defined by {t,x) ^ d{lm{t))x- 

Recah CnASi,) = C^iM.^''-^) and CH^iS^,) C C^R'^''-^) x M^fc. We regard 
Ch, d ChAS^,) (* = 1,2); 

Cffi = {(xi, . . . , a;4) e Chi{S^) \ prmixi) = • • • = prm(x4)}, 

C'ffa ^ {(a;i,a;2,a;3;2/) g Ch^S^) \ prra{xi) = pr„i{x2) = prmixs) = 

(prm : K.^ ^ M™ (A^ = 4fc — 1 or 6fc) is the first m projection), via diffeomorphisms 
given by respectively 

{t, x) I — > ((t, a;i), . . . , (t, X4)), (t, a;, y) 1 — > ((t, xi), (t, X2), {t, X3), {t, y)). 

The direction maps — * S^"^, N — n 01 j, composed by are regarded as 

<^?2 : Ch, ^ = 56''^- 1 n{xe R6^- ; pr„(a;) = 0}, 

(4-14) g {x2 - xi, S^{t, X2) - S^{t, xi)) 

1(2:2 - xi, S^{t, X2) - S^{t,xi))\ 

and so on. Then the integrations relating to L C M™ x W ~ Mf^''~^ (a neighborhood 
of [—1/2, 1/2]™ X [—1/2, 1/2Y^^ X R^) can be computed in similar ways as in the 
previous subsection; 

The first term. Type I contribution vanishes by the translations r or r' as in 
Lemma 14.161 Type II configurations contribute by ±2; each component 

(^^;^"2,^+l,^+3) ^1 {prrn{xi) = • • • = pr,nix4)} Or 
iN^',^l2,^+3,^+l) ^ {prrnixi) = • • • = prmix^)} 



for some i — 1, . . . , 4 and l,m = ± is mapped via the direction map to some 



U^'''^ X U^,''-^ X Uf/;^'^ n {first m projections = 0}, 



which is x C/;?^^ x ?7/r^ (see H4.2.3p . The sign arguments are shghtly different, 
but the result is same as Lemma 14.151 in the first diagram in the proof of Lemma 
14.151 the map G restricted to Chi preserve the orientation but the left vertical map 
does not. Both the vertical maps in the second diagram restricted to Chi have the 
same orientation sign (—1)°, where a = min{m, 2k — 1}. 

The second term. Similarly as in Lemma I4.17[ the integration over i?>i := 
{(t, X, y) eCH^ly <^ R^'+^ X (-1, 1)2*^} (notice j + 1 + 2fc = ti) is 0(6). In i?<i := 
\ -R>i, only {t,x,y) with prj^i{xp) [p = 1,2,3) close to each other and x G 
CziiNi U Ni+2) n L) (i = 1, 2) or C3{{N[ U N!^) n L) may contribute to the integral 
(where Ni := R'" x W'^ x (f, -e,S,, + e), N[ := R" x R^^i x - £, Ci + e)); 
otherwise the image of (pH^ is of positive codimension. But on these spaces the 
direction map is invariant under the similar translations r or r' to those in Lemma 
14.161 and the integrand vanishes by dimensional reason. 

The third term. Similarly as in Lemma [4. 181 since the derivation map D{lm) is 
invariant on L under the translations given by using r or r', the integration over L 
vanishes by dimensional reason. 
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The signs appearing in the proof of vanishing of integrations over M**^^^ \ L are 
shghtly different from those in the previous subsection. Recah the involutions Fi 
and F2 on CHi{S^). They clearly preserve Cj^. , and are given by 

Fi{{t,xi), . . . , {t,X4)) = {ii{t,xi), . . .,ii{t,Xi)) on Chx, 

Fi{{t,xi), {t,X2), {t,X3): {t,y)) = {ii{t,xi),ii{t,X2),ii{t,X3);ii{t,y)) on 

{I = 1,2), here we regard C*//. as a subspace of CHi{S^) as above. The maps 
{N = Ak — 1 or 6k) are as given in Lemma |4?T2] For N = 4k-l, 



they are written explicitly as 




m , 1 , ■ 
■ • , —t2k-l,t2k 

■ , tm , ^1 , ■ ■ ■ , 



, -X2k-l-miX2k-m, • ■ ■ , Xj) m < 2fc - 1, 
■ , tjn: ^1, ■ • ■ ^Xj) 777- > 2k 1, 

X2k-l-m,-X2k^m, • • • , -Xj-i,Xj) 777 < 2fc - 1, 

, . . . , t^^^ Xi, • • • Xj—i , Xj) in Ik 1. 



First consider the first and the second terms of (|4.13p . Let X,Y,Z C M'" x W = 
]]j4fe-i subsets defined similarly as in M.2.21 and set 

Ch, (X) { (t, (xi , . . . , X4)) e Ch, I (t, e X, Vp}, 

C^al^) := {{t, {xi,X2,X3),y) E I it.Xp) E X, Vp} 

and so on. Then the actions of Fi and F2 on the forms cj/f . and orientations of the 
spaces are described as in Table 14.11 which is a consequence of the equations 



if o Fi 

ipo F2 
i of the 

Ml, ■ ■ ■ 



{«2fc-mj"-l 

direction mapi 
, an) := (oi, . . 



777 


< 2k 


777 


> 2k 


777 


< 2k 


777 


> 2k 




-1, 


dp J 



onCH.(r), 



(p < q) is given by 



-a„, a. 



,a.„) 



(in particular ii and 12 we have used can be written as ii — ii, 2/0-1, ^2 = i2kAk-2)- 
Thus the integrations of uiHi over (^//^(X) and C^j. (F) vanish (when 777 > 2fc — 1, 





777 < 2fc - 1 


m > 2fc - 1 


orientation sign of Fi 


(-1)" 


-1 


F^LUH^ on Ch^X) 


(-l)2fe-l-™C^H. 




orientation sign of F2 


+ 1 


^_^^m-2k+l 


F^ujH, on Ch AY) 




{-1)^-^LUH, 



Table 4.1. Signs of F; 



we use j = 4fc — 1 — 777 and hence m — 2k + j is odd). 

For the third term of (|4.13p . we have to study the signs arising from the invo- 
lutions ii and 12. The orientation signs of 7i, 72 : x W M™ x W are always 
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— 1. But ii,i2 always preserve the integrand, because 

r^n . . \ii,2k-m-l° D{l„i) if m < 2fc - 1, 

I Dylm) 11 m > 2k — 1, 

n/, N • \i2k-m.0-1o D{Un) ifm<2fc-l, , , 7 

I ° D[ljn) if m > 2fc — 1, 

and we can choose so that i'j^, and preserve fj, (see Remark l5.24p . Hence the 
integrations of fi over X , Y and Z vanish. □ 

5. Vanishing results 

In jj jjS.li .... 15.81 we prove Theorem 13.41 assuming n — j > 2 is even, by studying 
the boundary strata of compactified configuration spaces. Some results here hold 
even if n — j > 3 is odd and can be used to prove Theorem 14. II (see §5.9|) . In §5.101 
we complete the proof of Proposition [ 



5.1. Boundary strata. Let F be a graph with s i-vertices and t e-vertices. We 
denote by Cs^t the fiber of vrr. The compactified configuration space Cs,t is a 
manifold with corners. The boundary dCs^t consists of configurations where some 
points in the configuration are allowed to 'collide together.' Moreover dCg^t is 
stratified via 'complexities' of collisions. 

But here we do not need the complete description of all strata. For our purpose 
only the most 'generic' part, the codimcnsion one strata, are needed. Such strata 
correspond to 'coinstantaneous collisions' of points, and are parametrized by subsets 
of the set V{T) of vertices of F, as we will explain in ^ 35. 21 

5.2. Codimension one strata. To any subset A C V^(F) with > 2, a codi- 
mcnsion one stratum Ca C dCs^t is assigned. Namely Ca consists of configurations 
where the points labeled by A 'simultaneously collide together.' More precisely, 
any point in Ca can be written as a limit point 

(5.1) lim(a;i(T), . . . ,Xs{T),ys+i{T), . . . ,ys+t{T)) 

such that {xi{t), . . . , j/s+f (r)) G C° f for r > 0, and Xp{T), yq{T) can be written as 

\ Xj, (constant) ii p ^ A, \ y„ (constant) li q 4 A^ 

Xpir) ^ \ Vqv) — i 

I z + TVp if p e A, I + ''"^g if <7 G A, 

for some Vp e W \ {0}, u;, G M" \ {0} and zeW\ 

There are other types of codimension one strata, denoted by C^, parametrized 
by all the non-empty subsets A C V(r). The stratum C dCg^t consists of 
configurations where the points labeled by A 'escape to infinity.' More precisely 
is the set of limit points 

(5.2) lim (xi(r), . . . , ^^(t), ys+i(T), . . .,ys+t{T)) 

T — >OC 

ys+tiT)) G C°j (0 < r < 00) is of the form 
(constant) if p ^ A, \ yq (constant) li q ^ A, 

TVp Hp e A, [yq + TWq if Q G A, 

for some Vp G W \ {0}, G M" \ {0}, Xp G W and yq G W. 
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All the codimension one strata is of the form Ca or , hence we have 

dCs,t=[ U Cl\ui U C^\. 

\Acv{r), tJA>2 / \A'cv(r), tJA'>i / 

We will call Ca > 2) a stratum of non-infinity type, and {A ^ $) a stratum 
at infinity. 

Define the subsets and of Cr by 

U CAif), IJ CTif) 

where CA^f) and C^{f) are codimension one strata of TTp ^(/) described as above. 
Then and E^^ fiber over /C„j-. 

Notice that it is enough to describe Int E^"* for the proof of Theorem 13.41 In 
and we will describe these strata explicitly, following f3l O [TH [20] . 

5.3. Explicit description of non-infinity type strata. Let A C V{T) be a 
subset with jJA > 2 (recall that V{T) denotes the set of vertices of a graph F). Here 
we study the strata E^ of non-infinity type. Denote by E{T) the set of edges of F. 

Definition 5.1. The subgraph Fa of F associated with A is a (possibly non- 
admissible) graph with V{Ta) = A and ^^(Fa) = {pq € E(r) \ p,q e A, p ^ q} 
(hence small loops are ignored). If A = \jp\ < ■ ■ ■ < pk}, then the vertex of Ta 
which was labeled by Pa in F is re-labeled by a. The labels of edges are suitably 
decreased. 

The quotient graph T/Ta is a graph obtained by 'collapsing Ta to a point va-' 
More precisely, 

Vir/TA) := {V{T)\A)U{va}, 

E{T/Ta) {pq e E{T) \p,q^A}U {pvA \p^A, pq£ E(T) for 3q £ A}. 

The vertex va is internal if there is an i-vertex in A, and is external otherwise. We 
label VA by min{p; p G A}, and the labels of other vertices and edges are suitably 
decreased (see Figure 15.11 for an example) . 



Figure 5.1. Examples of F^ and T/Ta for A = {1,4} (n odd) 
There is a projection 

PA ■■ Int Ea — » Cp 

which maps the limit point (jS.ip to {. ..,Xp,...,z,...,yq,...),p,q ^ A. The point 
z corresponds to the vertex va, hence z e M" if A contains no i-vertex, and z e 
if there is an i-vertex in A. 

The fiber of pA is thought of as the space of 'infinitesimal configurations' at the 
colliding point. We will define a fibration pA '■ 13 a — + Ba which describes such 
infinitesimal configurations. 
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Ba ■■= 



Definition 5.2. Define X, (M") as the set of all j-frames in M". In other words 

X,(M") {hnear injective maps W ^ M"}. 

We give X, (R") a natural structure of an open submanifold of (M" \ {0})-' . 

Let a and b be the numbers of i- and e-vertices in A. Define a manifold Ba by 

[{*} a = 0, 
[Ij{R") a>0. 

When a — 0, we define Ba to be Cj'^(M") modulo scaling and translation; 

Ba C,°(IR")/K" >^ M>o, 

where the action of M" xi ]R>o is defined by 

{yp)peA ^ iaivp - P))peA, Va > 0, V/3 S M". 

The map pA ■ Ba ^ Ba = {*} is defined as the canonical one. 

When a > 0, Ba is Ij (M") x C° ^ modulo scaling and translation in the directions 
of j-planes; 

Ba xC°,)/K^' xM>o, 

where the action of W xi IR.>o is defined by 

{t-;{xp,yq)p,qeA) ' — > {L;{a{xp - /3),a{yq - L{f3)))p^qeA), Va > 0, V/3 € 

The map pA ■ Ba — * Ba — 2j(R") is defined as the natural projection. 
Finally define Da ■ C^/rA ^ canonical map if a = 0, and 

DAif;...,Xp,...,z,...,y,,...)p^g^A) := (d/z : T,R^' ~^ T^-(,)]R") G X, (M") 

if a > (each tangent spaces are naturally identified with W and M"). 

Proposition 5.3 ([3l[5l[T4l[20]). The fibrationpA ■ IntE^ ^f/Fa the pull-back 
of PA via Da; 

Int Xja ^ Ba 

PA 

^t/Ta ^ Ba 

In particular Int E^i ~ C^^Ya ^ ^'^ i-vertex. 

Notice that the differential form ujp /r^ G ^DRi^r/rA ) ''^^ defined similarly to 
by using the direction maps ip corresponding to the edges of T/Ta- Similarly, 
the maps (pe for any edges of Ta are well defined on 13 a', if e = is an 77-edge, 

if>2{L; {Xr,ys)r,seA) ■= ^'^ _ , € S^~^ , 
I Xq Xp I 

and if e is a 6'-edge, 

ip^{L;{Xr,ys)r,seAj -. — rei 

\Zq Zp\ 

where Zp — or i{yp) according to whether p is internal or external. Hence 
LOrA — A "^e^o^ e n*^j^{BA) 

e&E(rA) 
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can be defined. Then we have 

wrlintE^ = ±{p*A^^r/rJ ^ {D^lovj,) 

and hence 

(5.3) bA)*wr|ints^ = ±^r/r^ A D\{pa)*u}ta 

by the compatibiUty of fiber-integrations with pullbacks (for signs see ? ^5.5[ [5T6|) . 

Denote Trj?-* := 7rr|intSA ■ Int — ^ ^n,j- Notice that TTp-* — Trp/r^ ° PA- We 
wiU often use the foUowing criterion to show the vanishing of an integration along 
Int YiA- 



Lemma 5.4 ([S]). Let a and b be the numbers of i- and e-vertices in A respectively. 
Then the fiber integration (7rp'*)*Ci;r|intSA vanishes unless 

deg c^r^ — nb — {n + 1) if a — 0, 

< degcjr.4 — [ja. + nb — [j + 1)) < nj if a > 0. 

Proof. The form {pA)*iOrA vanishes unless < deg{pA)*u)rA — dimS^. We have 

deg{pA)*'^rA = degtJr^ - dini(fibcr of pa: Ba-^ Ba) 

and, by definition of the fibration pA : Ba Ba, 

'(0, n&- (n + 1)) ifa = 0, 

(nj, ja + nb ~ (j + 1)) if a > 0. 



(diniB^, dim(fiber of pa)) 



Hence {pA)*'^rA vanishes unless the conditions of the Lemma are satisfied. Then 
the formulas (7rp^)» = ±(7rr/r^)* o (pa)* and (|5.3p complete the proof. □ 

5.4. Explicit description of strata at infinity. Let F be a graph and A a non- 
empty subset of V(T). Below we describe Int following piSl fTill^ . 

Definition 5.5. Define the complementary graph FJ^ by letting 

ViVX) := V{T) \ A, EiVX) := {^q G E{T) \p,q^A} 

{Ta := if a = V^(F)). A graph with infinity is a graph with a specified vertex 
(called vertex at infinity), which is not regarded as being internal nor external. 

Define F^, a graph with infinity, by 'shrinking Ta to a point.' Namely F^^ is 
defined similarly as a quotient graph F/F^ (see Definition 15. ip . but its vertex va is 
replaced by v°°, a vertex at infinity (see Figure [5T2l for an example). By definition 
F^' :=rif A = 1/(F). 



1? !• „oo*-...(l) 

r= (2) Tts) ^A= r/Fi= 

I (3)V 



Figure 5.2. Examples of and Ta for A = {3,4} {n even) 
Int T,^ fibers over C^a^ ; 

p^ -.IntJ:^ ^C^. 
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which maps the hmit point ()5.2p in §5.21 to {xp, yq)p.q^A- In other words p'^ forgets 
the points escaping to infinity. 

As in ^5.3i we will define a space B'^ which describes infinitesimal configurations 
around infinity. The space B"^ is a subquotient of C° f, {a,b are the numbers of i- 
and e-vertices in A) modulo scaling; 

B^ := {{xp,yq)p.qeA G C°+,(R" \ 0) | G R^' x {0}"--'"}/M>o. 

The origin G M" corresponds to v°°, which we use to fix the coordinates. So in 
this case translation is not needed (compare it with the definition of Ba)- 

Proposition 5.6 ( [H El [Ml |20] ) . Int is homeomorphic to C^a^ x Bf. 

The form ojr^ G ^hni^T) '^^^ be defined as in §3.21 since the direction maps ip 
are invariant under scaling. The vertex v°° corresponds to € R". More precisely, 
for each e € E{T^), define the maps (pe : B^ ^ S^'^ {N = j or n) by 

{zg- Zp)/\zg- Zp\ e^pq, p,qe A, 
-Zp/\zp\ e = pt;°°, p£ A, 

where Zp denotes Xp or yp according to whether p is an i- vertex or not. Then 

ees(r-) 

Under the identification in Proposition 15. 6[ 

Define TTp'* : Int K-nj as the restriction of Trr onto the stratum Int S^^ of 

fibers. Then we have the following (which should be compared with Lemma l5.4p . 

Lemma 5.7 ([5]). Let a and b be the numbers of i- and e-vertices ofV^ respectively 
(other than v°° ). Then the integ 
dimS^, or equivalently, unless 



feiXp, yq)p,qeA 



(other than v°° ). Then the integration (TTp"* )*wr|ints^ vanishes unless degwrj 



degcJr^ = ja + nb — 1. 
5.5. Orientations of boundary strata. Let F be a graph and A a non-empty 

subset of y(r). 

Definition 5.8. The boundary face Y^a (or the subgraph Ta) is said to be principal 
if A consists of exactly two vertices. Similarly the boundary face S^J is said to be 
principal if A consists of exactly one vertex. 

All the other boundary strata are said to be hidden. 

Here we study the induced orientations of the non-infinity type principal strata 
Ca from that of fib(7rr) ~ Cs,t (see ^5.'2\\ . We are not interested in the orientations 
of strata at infinity and hidden strata, since the integrations along these strata will 
be proved to vanish (see below). 

Let s and t be the numbers of i- and e-vertices of F respectively. The fiber Cs^t 
is equipped with the natural orientation as the subspace of (R-')* x (R")*. 

Let A C V{r) be a subset with {(A = 2 (thus is principal), and a and b (with 
a -I- 6 = 2) the numbers of i- and e-vertices in A. 
Case 1: a ^ 2, 6 = 0. 
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Let A — {xp,Xq} {p < q < s). In this case Ba — 2^(1^") x S^^^ and hence 
IntS^ « Cr/FA ^ S^^^ (see Proposition 15. 3[) . A neighborhood of Int in Cp is 
identified with [0, 1) x Cr/r^ x S^^^ by the homeomorphism onto the image 

I — > . . .,Xq-i,Xp + ev,Xq+i, . . . . . . ) 

where / S /C„j- and v S S^~'^. It is not hard to see that the local coordinate of 
Cr given by (|5.4p has the orientation sign (— Putting e = in the 
local coordinate (|5.4p . we obtain the natural orientation of Cr/r^ x S^^^. Thus 
the induced orientation of Cp/r^ x S*^"^ as a boundary face of Cr has the sign 

(_l)j(9-l) + 0-l)"*+l. 

Case 2 : a = 6 = 1 or a = 0, 6 = 2. 

Let A — {xp, yq} (p < s < q or s < p < q). In this case Ba — X, (R") x and 
hence IntS^i w Cr/r^ x S^^-^ (see Proposition 15. 3p . A neighborhood of IntE^ in 
Cr is identified with [0, 1) x Cp/r^ x 5""^^ by the homeomorphism onto the image 

(5-5) , - 

I — > (/; a;i . . . ; y^+i, • ■ • , yq~i,Zp + ew, Vq+i, ...) 

where w € and Zp — f{xp) or Up according to whether p is internal or not. 

The local coordinate of Cr given by (|5.5p has the orientation sign (— 
Putting e = in the local coordinate (|5.5p . we obtain the natural orientation of 
Ce/Fa X 5*""^. Thus the induced orientation of Cr/r^ x S"'^^ as a boundary face 
of Cr has the sign (_l)"(^+'/-i)+i''+i. 

5.6. Principal faces. In this subsection we compute the fiber integration along 
the principal faces. 

Theorem 5.9 ( O [lH |20] ) . The integration of lot along the principal face Sa of 
non-infinity type ( thus f,A = 2) vanishes unless the two vertices are joined by an 
edge in F. 

Proof. Let a and b be the numbers of i- and e-vertices in A respectively (a + b = 2 
since A is principal). If two vertices in A are not connected by an edge, then we 
have uiTji = 1 G il'jjj^(BA)- Thus, if A has no i-vertex {a = 0, b — 2), then the first 
equality of Lemma 15.41 does not hold; 

degwr^ = 7^ • j + 2?i - (n + 1) = n - 1. 

If A has an i-vertex ((a, b) — (1, 1) or (2, 0)), then the second inequality of Lemma 
15.41 does not hold since 



degwr^ - [ja + nb - (j + 1)) 



(j-l) if (a, 6) = (2,0) 
-(n-1) if (a, 6) = (1,1). 

□ 



Theorem 5.10 ( [SJ [T31 HO] ) • Let T be an admissible graph. Then the integration 
of ujy along the principal face T,'^ ( thus '^A = 1) always vanishes. 

Proof. Let p be the only vertex in A. The graph = F/F^ has two vertices; one 
is p and the other is . '^EiT'^) is equal to the valency of p in F. 
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By Lemma 15.71 (TTp"* )*wr|ints~ vanishes unless 

J J — 1 if p is internal, 
I n — 1 if p is external, 

hence (TTp'* )*wr|intS2" does not vanish only if, in F, 

• p is a uni-valent i-vertex with exactly one adjacent 77-edge, or 

• p is a uni-valent e- vertex with exactly one adjacent 9-edge. 

But neither case occurs since F is admissible (see Definition l2.ip . □ 

Theorem 5.11 f[5l I14[ |20] ). The sum of integrations of LUr along all the principal 
faces "Ea of non-infinity type is equal to I (ST). 

Proof. By the above Theorems 15.91 and 15. 101 we only need to consider the principal 
faces such that the two vertices of F^ are joined by an edge e. We will show 

for any principal strata S^i, where e G ^'(F) is the only edge of the subgraph F^ 
and T(e) is the sign given in Proposition 12.91 Then we will obtain 

{4').curhnt^, ^ ^ (-l)-(^)(7rr/e)*c.r/e=/(<5F). 

Acv(r) e6_E(r)\{loops} 

ttA = 2 

First we consider the case when n and j are odd. We divide the proof into four 
cases. 

Case (a) . A = {p, q} consists of two e- vertices (so we can assume s < p < q and 
the edge e = pq is a 9-edge) . 

In this case Ba = 5'""^ and Ba = {*}, so IntS^ ~ C"/^ x S''-\ The induced 
orientation of C°/^ x S''-^ from Cr is by Case 2 in ^EM and is 

equal to (— l)"^ since n and j are odd. This sign is (— l)'^^'^^ (see Proposition [2IH). 

Under the identification IntS^ w C°/^ x S'"~\ the map tpe : ^ S"''^ 
restricts to the projection pr2 : C'p/g x 5"^^ — > S*""^. Hence via the diffeomorphism 
IntS^ « S"""^ X Cpyg, the form t^rAlintSA corresponds to 

and hence we have 

(7rp'^)*wr|intSA = i-^y^^HT^r/e)* ° {PA)*{P*A^r/e Apr2WoZs„-i) 

= {-ir^'\nr/e). (^^^ ^ vols,.-i^ ior/e 

= (-l)^('=)(7rr/e)*c^r/e. 

Case (b). A — {p, (7} contains both an e- and an i-vertex (thus we can assume 
p < s < q, and e = pq is a 0-edge). 

In this case IntS^ w ^r/e x S"~^. Similarly as in Case (a) above, the induced 
orientation of C°^^ x S''-^ from Cr is (-1)"? = (-l)^(^) and (pe : ^ S''~^ 
restricts to the projection pr2 : C^/^ x 5*"^^ 5"^^. Thus, as in the Case (a), 

(7rr)*wr|intSA = {''^V''''\'^r/e)*^r/e- 



CONFIGURATION SPACE INTEGRALS AND THE HAEFLIGER INVARIANT 33 

Case (c) . Both two points p,q of A are internal and e — pq is an ry-edge. 

In this case Int Yia ~ Cp/e ^ •S'-'^^- Proof is the same as the above cases, since by 
Case 1 in ^5.5\ the induced orientation of Cp^^ x S^^^ from Cr is (—1)'' (—1)'^''^^. 
Case (d). A = {p,q} consists of two i- vertices (thus we can assume p < q < s) 
and the edge e = pq is a 9-edge. 

In this case Int ~ C? x S^"^, where F is F/e with its small loop e removed. 
The right hand side is nothing but the space Cp^^ (F/e is a graph with small loop; 
see up to the orientation. Again by Case 1 in the induced orientation 

of IntS^ C Cr has the sign {-ly^^l Hence 

(7rr)*wr|intE^ = {-iy^''\T^r/e)*^r/e 

as desired. 

The proof of the case when n and j are even is similar. In Case (a), the induced 
orientation of "Ea C Cr has the sign —1. To integrate the form 6^ first, we must 
put Be at the top of ojr- Such a re-ordering yields the sign (— 1)*^^ if e is the i-th 
edge. Hence 

(7r^^),u;r|i„tSA = (-l)'(7rr/e)*'^r/e = {~^y''''HT^r/e)*^^r/e- 

The remaining three cases are proved in similar ways. In Case (d), we have to put 
the 5'-'~^-factor at the end of the (5^~^)"-part, so the sign (—1)'' appears. 

When n is even, we have to consider one more case; 
Case (e) . A = {p, q} consists of two internal vertices (thus we can assume p < q < 
s) which are joined by an T^-edge and a 0-edge pqo. 

In this case, the induced orientation of E^i C Cr has the sign —1 as in Case (a). 
But we need to put S^~^ at the end of S-'^^-factor, and not to move the forms 6 
and rf. Hence 

(^^■^).a;r|intE^ = (-l)"+i(^r/e)*c^r/e = (-l)"('=H'rr/e)*u;r/e- 

□ 

By the above Theorem lS.lll the proof of Theorem l3.4l is reduced to showing that 
hidden faces do not contribute to the fiber integration. The following, whose proof 
will be given in i j5.7l and i j5.81 will complete the proof of Theorem 13.41 

Theorem 5.12. Let F be an admissible graph. Then all the integrations of tor 
along hidden boundary faces of the fiber of ttt : Cr ^n,j vanish if (1) n ~ j > 2 
is even and T is a tree, or (2) both n > j > 3 are odd and F has at most one loop 
component. 

5.7. Hidden faces; the non-infinity type. Here we show that all the hidden 
faces T,A of non-infinity type, (jA > 3, do not contribute to the fiber integration. 

Lemma 5.13 ([141 120j). Suppose A C V{T) is such that the subgraph Ta is not 
connected. Then {TTp^)^:LU-r\intj:A vanishes. 

Proof. If is principal (so ^A — 2), then the claim of this Lemma is exactly that 
of Theorem 15.91 So we assume flA > 3. 

Suppose F^ = F^i UF^a for non-empty subsets Ai,A2CA (thus we can assume 
^Ai > 2). Let Qi and bi be the numbers of i- and e- vertices of Ai, i = 1,2. 

We define the space Ba, which contains Ba as an open subset, by 

Ba ■■= (C°,,,, X C:,,,J/ ~ 
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here ~ is defined by using the translation and the scaling. In other words, 'a point 
in Ai may collide with a point in A2.' Since there are no edges joining a point 
in Ai to that of A2, the direction maps ip corresponding to the edges of Ta are 
well-defined on Ba, and so is the associated differential form (we denote it by i^Ta)- 
The restriction of luta onto Ba is (jta ■ 

Consider a free action of on Ba defined by the translations of points in Ai 
(points in A2 are fixed). Here N — j or n according to whether Ai contains an i- 
vertex or not. Let p : Ba — > -Ba/R^ be the quotient map. Since the direction maps 
: Ba S^^^ or 5""^ factor through p, there exists a form cjp^ £ ri^^(BA/IR^) 
such that p*uj'j, ^ = u^Ta- We have a map of fibrations 

Ba^ Ba Sa/R^ 




(for definition of pA see Proposition 15. 3p and it holds that 
{pA)*uJrA = (PA)*wr^ = (p'a)*uj't^. 

This implies {pA)*(^rA — since the fiber of is of strictly less dimension than 
those of PA and pA- This together with the formula (|5.3p completes the proof. □ 

Thanks to Lemma |5.13[ below we can assume that is connected. 
In Theorem 13.41 we assumed 5 < 1, that is, our graph has at most one loop 
component (other than small loops), and so does its connected subgraph F^. 

Proposition 5.14. Suppose n — j is even. // ft^ > 3 and Ta is a tree, then 
(7rp^)*wr|intEA vanishes. 

Proof. Since F^ is a tree, there are at least two uni-valent vertices in F^. AH 
the possibilities of uni-valent vertices are listed in Figure 15.31 We will prove the 

(a) (b) (c) 

p p V 
• • o 



Figure 5.3. Uni-valent vertices 

vanishing of integration along in the successive Lemmas; types (a) and (c) in 
Lemma 15.151 and type (b) in Lemma 15.161 The assumption that n — j is even will 
be used in the proof of Lemma 15.161 □ 

Lemma 5.15 ([5J). //jJA > 3 and A has a uni-valent vertex p of types (a) or (c) 
in Figure (57^ then the integration (7rp'*)*a;r|intSA vanishes. 

Proof. Let q £ Ahe the vertex joined to p in T a, which must be internal in the case 
(a), while in the case (c) it may be both internal or external. There is a fiberwise 
free action R>o on Ba defined on each fiber by 

(. . . , Zp, . . . ) I — > (. . . , azp -I- (1 - a)zq, ...), a e R>o. 

Then ujta S ^*dr{^a) is basic with respect to the quotient Ba Ba/^>o- Since 
jjA > 3, the fiber of Ba/R>o Ba is of strictly less dimension than that of pA- 
Hence the similar argument as in Lemma 15.131 completes the proof. □ 
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Lemma 5.16. Suppose n — j is even. If f,A > 3 and Ta is a tree all of whose 
uni-valent vertices are of type (b) in Figure [jTSi then (7rr)*a;r|ints^ vanishes. 

Proof. The vertex q oi A which is joined to p may be both internal or externaL 
Since valency of q is greater than one, there exist vertices ri, . . . , (r^ 7^ p, a > 1) 
which are joined to q. 

Suppose one of them, say ri, is uni-valent. By our assumption ri is also of type 
(b). Consider a fiberwise involution xi • Ba ^ Ba defined by 

Xl (^5 ■ ■ • 1 -^pi ■ • ■ 1 -^ri 1 • • ■ ) ■ ■ ■ • : -^ri ) ■ ■ • ) -^p: ■ ■ ■ ) 

(other coordinates are not changed). This involution changes the orientation of the 
fiber by (-1)^ while Xi'^r^ = (-l)"~^'^r^ since Xi^^pg = ^riq, Xi^riq = Opq and 
0's are of degree n — 1. Thus 

since n — j is even, and it must vanish. 

Thus we may assume all the r^'s are at least bi-valent. That is, we can assume 
that all the uni-valent vertices p (of type (b)) and adjacent q are such that no 
other uni-valent vertex is joined to q. Then we can find at least two pairs {p, q) 
of vertices such that p is uni-valent vertex joined to exactly one bi-valent vertex 
q; since otherwise Ta cannot be a tree. Such pairs, say {p,q) and {p',q'), are of 
types (b-1) or (b-2) or (b-3) in Figure where an asterisk can be both internal 
or external. 

(b-1) (b-2) (b-3) 

pgr P <i r P 1 r 
» o * • o * • • • 

Figure 5.4. Types (b-1), (b-2), (b-3) 
If (p, q) is of type (b-1), define a fiberwise involution X2 '■ Ba ^ Ba by 

X2('-; ...):= (t; ... , i{Xp) + Zr~yq,...), 

where is t(xr) or according to whether r is internal or not. This involution 
has orientation sign (—1)", while X2'-^rA = (^1)" "'^'^r^ similarly to xi- Thus 

{pA)*u}rA ^ (-l)"^""^(PA)*'^rA = -(pA)*'^rA 
and it must vanish. 

So finally we can assume that both pairs {p, q) and {p' , q') are of types (b-2) or 
(b-3) . The proof of this case appeared in [Ml |20] ; consider a fiberwise involution 
X3 ■ Ba^ Ba defined by 

X^i^'i . . . , Xp, . . . , Xp' , . . . ) . — (/.,..., Xq Xq' -j- Xp' , . . . , Xq Xq' -j- Xp^ . . . ). 

The orientation sign of ^3 is (—1)^, and it satisfies Xa'^r^ = (^ l)"^^'^'rA since 
XlOpq = Op'q,, xlOp'q' = Spq. Siucc 71 - j is cven, 

{pA)*^rA = (-l)"^-'"^(PA)*'^rA = -{pA)*<^rA 
as in the case of xij and it must vanish. □ 

When both n > j > 3 are odd, we have to consider the case that Ta has one 
loop component to prove Theorem 13.41 
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Proposition 5.17 ([Ml [20]). Suppose n > j > 3 are odd. // > 3 and Ta is 

connected with one loop component, then (7rr)*CLir|int vanishes. 

Proof. Let s and t be the numbers of i- and e-vertices in A respectively. Define an 
involution F of Ba by 

F{l;xi, . . .,Xs;ys+i, ■ ■ -^Vs+t) ■= 

(t; xi, 2a;i - a;2, . . . , 2a;i - Xs;2l{xi) - ys+i, . • . , 2l{xi) - Vs+t), 

whose orientation sign is (— = (—1)^+*"-'^. 

Let a and f3 be the numbers of rj- and 0-edges of Ta respectively. Since ife° F ~ 
LgN-i o for any edge e (N = j oi n according to whether e is an ?7-edge or a 
0-edge), we have 

But by our assumption, Ta has exactly one loop component, so a + /3 is equal to 
the number of vertices of Ta, that is, s + t. Thus 

and hence {pA)*ojrji = 0. The formula (I5.3|l in i i5. 31 completes the proof. □ 

5.8. Hidden faces; strata at infinity. In this subsection we will prove that the 
hidden strata at infinity (thus > 2) do not contribute to integrals. 

Lemma 5.18 ( [SJ [T31 HO] ) . If ^A > 2, then the integration along EJ^ vanishes. 

Proof. First we will show that cannot satisfy the equation in Lemma |5 . 71 when 
A C V{T) is a proper subset. 

If r is an admissible graph, then each e- vertex of T^ {— F/F^) is of at least 
tri-valent, and each i-vertex is an endpoint of some 0-edge. This implies 

(5.6) 2tt{6'-edges of F^} > a + 36, 

where a and b are numbers of i- and e-vertices of F^i. 

Since F^^ \ {v°°} is a one-dimensional open object with at most one loop com- 
ponent and with at least one open edge, 

(5.7) Uv-edges of F^'} 4- tJ{6i-edges of F^^} >a + b. 

By using estimations (|5.6p . (|5.7p and n — j~2 > 0, we see that uJr^ does not satisfy 
the criterion of Lemma 15.71 

degwr- >{n- l)tt{0-edges of F^} + (j - l)(a + 5 - ^{^-edges of F^}) 

= [n - mo-edges of F^'} + (j -l){a + b) 

> i(n-j)(a + 36) + (j-l)(a + 6) 

= [ja + nb-l) + i(n - j - 2)(a + 6) + 1 

> ja + nb — I 
= dimi?^. 

Next consider the case A — V{T) (thus F^^ = F). Define a fiberwise free action of 
M>o on by 

(xi, . . .,ya+i, ■■■) I — > {xi,ax2 + (1 - a)xi, . . . ,aj/a+i + (1 - a)foixi), ...), 
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where /o : M-' ^ M" is the standard inclusion given by x i-^ (x, 0, . . . , 0). This 
action is non-trivial since jJA > 2. The differential form cur-^^^^ is basic with respect 
to this action, hence similar argument to Lemma 15.131 completes the proof. □ 

Remark 5.19. In the end of the proof we used that the long knots are standard 
near infinity, so LUr^^^^ contains no information about the base space )Cn,j- 

Thus we have shown that all of hidden and infinity contributions vanish, and 
completed the proof of Theorem 15.121 

5.9. Proof of Theorem 14.11 In the above proofs, we have used 

• symmetry of the fiber, and 

• dimension counting. 

Below we check that some of the arguments are valid even if n — j > 3 is odd (in 
particular n ~ 6fc, j = 4fc — 1), and can be used to prove Theorem 14. II 

Lemma 5.20. dTi = I{6H) modulo the contributions of hidden faces. 

Proof. Exactly similar to Theorem 15.111 We used Theorems 15.91 and 15.101 to prove 
Theorem 15. Ill which are proved by only dimension counting. □ 

Lemma 5.21. The hidden faces except for the face T^a corresponding to A = V{H2) 
do not contribute to the integral. 

Proof. The strata at infinity do not contribute; the proof of Lemma 15.181 does not 
use the parities of n,j. By Lemma |5.13[ which uses only dimension counting, we 
have only to consider the faces 'Sa for A such that the subgraph Ta is connected. 
For A C V{Hi) with jJA = 3, use Lemma [5T5l 

For A = V{Hi), consider a fiberwise involution F : Ba Ba defined by 

F{l; (xi, . . .,Xi)) := (i; (2x2 - xi, a;2, X3, 2:4)). 

The orientation sign of F is (—1)^, while F*ujh^ — (— l)"w/fi because F*6i2 — 
(— l)"0i2 and F* preserves 7723, O34. Since n — j is odd, 

ipA)*'^Hi = (-l)"+^(pyl)*'^Hi = ~iPA)*'^Hi 

and hence the integration along must vanish. 

For A C V{H2) with jJA = 3, then A contains two i- vertices joined to the e- vertex 
labeled by 4. Then using the involution X2 appeared in the proof of Lemma 15.161 
vanishing for type (b-1), we can complete the proof. □ 

Next consider the contribution of 'anomalous face' T,a, A = V{H2) (hence = 
H2). Recall from ^15. 31 that the face is described by the puUback square in 
Proposition 15.31 with Ba — X,(M") and Cp/r^ = l^nj x W. The contribution of 
T,A is given by p^:D\{pA)*uJH'ii where p : JCnj x M.^ — > JCnj is the first projection. 

At present we cannot determine whether this contribution vanishes or not, so 

dI{H) = ^p^D\{pA)*LOrA- 
But we can define a correction term c which kills this contribution as follows. 
Lemma 5.22. The form {pa)*i^H2 •= ^d'r closed. 
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Proof. By the generalized Stokes theorem, 

where is the restriction of pA onto the boundary of the fiber. The principal faces 
correspond to the graph (up to labeling) 

12 3 

• ■• ■• 

obtained by contracting the edge iA {i = 1,2,3) of H2- Consider the involution 

F : [xi,X2,X3,) I > {XI,X2,2X2 - X3) 

of the principal face. The orientation sign of F is (—1)-' , while F*ujh2 — (~l)"'^ff2 
since F*6i2 — 612 and i^j* 6*23 — 6*32 — (— 1)"^'23- Since j + n is odd, the integration 
along the principal faces vanish. 

The hidden (but non- anomalous) contributions are proved to vanish in com- 
pletely similar way as in Lemma l5.21l Since there is no anomalous face of the fiber 
of Ba ^ BA^ we have proved that d{pA)*'jJH2 — ^{p'a)*^H2 =0. □ 

Thus we have a cohomology class [{pa)*'^H2] G H'^d^'^-'^'^ iljiW^)). But in fact 
Xj(]R") is homotopy equivalent to Stiefel manifold of j-frames in R" [Ij, and it is 
known that, when 71 — j is odd, its cohomology ring with coefficients in R is given 

by 



i7*(S'2"~5 X S-^^-s X • • • X S'2("-i)+i X S'"-i;R) n is even, 

H*(^S^n-7 X 5'2«-ll X ... X S'2("-J) + 1;R) 71 is odd. 



Hence we can find a form p e ri^^^"'~'^(Xj(R")) such that dp = {pa)*'^H2/(^ (the 
factor S*"^^ in the right hand side does not cause any trouble; if 2n — 2j — 2 = ri — 1 
then 71 = 2j + 1 and 71 becomes odd). 

Definition 5.23. Define c := -p*D\p £ f^^fl ) (P ■ ^n^j x W /C„j is 

the first projection). 

Then Theorem 14. II is easily proved; 

d{I{H) + c) = p^D\{pa)*u]h2IQ - dp^D\p 

~ Pf:D\{pA)*'jjH2l^ ~ P*dD\p ± p^D\p (Stokes theorem) 

~ Pi:D\{pA)*i^H2l^ — p*D\dp {Da is constant near dCiiW)) 

— (by definition of p). 

Remark 5.24. We considered involutions ip,q : R" — > R" in the proof of 
Theorem 14.191 They induce involutions ip,q on X, (R") given by i 1-^ ip^q o l. 
This lifts to ip^q : Ba Ba {A = V{H2)) defined by 7i(i; (xi, X2, 2:3); ?/) := 
{ip,q ° i; {xij X2,X3);ip^q{y)). This has the orientation sign (— 1)p-9+i on the fiber, 
and ilil>A — {—'^)^~'''^^<^A since i* ^6**4 = (— 1)^~'^"'"^6'*4 (see the remark after Propo- 
sition Hence 7*q(p^)^(2;^ = {pa)*(^a- This implies that, replacing p with 
{p + i* qp) /2, we may assume that i* ^p = p. Since ip,q's for different p, q commute 
with each other, we can arrange p so that it is preserved by all of these involutions 
by repeating the same procedure as above. 
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5.10. Independency on volume forms. There is another vanishing resuh, which 
is needed in the proof of Propositions 13.51 13.61 (independency on the choices of 
volume forms of the map / on cohomology). Recah that we assume that g, n and 
j are such that the integration map / is a cochain map and that n — j > 2. 

Lemma 5.25. The differential form I(T) G il'^j^(ICnj x [0,1]) from the proof of 
Proposition \3.5\ is closed if n — j > 2. 



Proof. As aheady done for /(F) in ^5.6\ %.7\ and §5.81 we must show 

• '^k;„ x[o,i]-^(r) = modulo the contributions of hidden faces of the 
fibers of Trr^ , and hence it vanishes since F is a cocycle, and 

• the contributions of hidden faces also vanish. 

In this section we have proved the vanishing results by using symmetry and dimen- 
sion counting. We have to repeat these proofs for /. The symmetry arguments can 
be applied to the cases here, since the factor [0, 1] does not cause any trouble. 

We can check that the dimension-counting arguments also work. The key ingre- 
dients in the proofs are the equation (|5.3p and Lemmas 15.41 15.71 For /, we need to 
replace the criteria in Lemmas 15. 4[ 15.71 with 

deg loy = nb — n or nb — (n + I) if a = 0, 

< deg cor A - {ja + nb- {j + 1)) < nj + 1 if a > 0. 

and 

degujT^ = ja + nb or ja + nb—1 
respectively, since these criteria are consequences of the following puUback square 

IntS^ X [Q^I]^^Ba X [0,1] 



PA xid 



X [0, 1] Ba X [0, 1] 

and of IntS^' x [0,1] ~ Cv^ x x [0,1]. These replacements do not affect 
all the arguments in SJSTT] and §5.81 except for Lemma I5.18| a problem may occur 
when n — J = 2 and A — {p, q\ consists of two i- vertices, since in such a case 
degwr3= = (j ^ 1) + {n ^ 1) = 2j = d\m{B^ x [0, 1]) can happen. □ 

Similar arguments show the following. 

Lemma 5.26. Suppose n — j > 3 is odd. Then the cohomology class TL G 
^Z)i?, ^i^n.j) is independent of the choices of (anti-) symmetric volume forms. 

Proof. First let volgj-i be fixed, and let vq, vi be two symmetric volume forms of 
5"^^ with total integral one. Define the maps Iq, Ii, I and the form v as in the 
proof of Proposition 13.51 Then we have 

• j x[o,i]^(^) = modulo the contributions of hidden faces of the 
fibers of ttjj. , and hence vanishes since H is a cocycle, and 

• the contributions of hidden faces except for Syj-^^) ^l^o vanish. 

Let A := V{H2). Then {pA x id)*^^ G 0^"j^^^'~^(2j (K") x [0,1]) is a closed 
form; the proof is same as Lemma [5.221 But since (K") x [0, 1]) = 

when n — j is odd, we have a form fi which satisfies {pA x id)*a)A/6 = dp. Using 



PA xid 
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c :— —p^,{Da X id)* jl (where p -.W x JCnj x [0, 1] — + ICnj x [0, 1] is the projection), 
we have a closed form 

H := i{H) + S e '^"'(/C„,, X [0, 1]). 

By the gencrahzed Stokes theorem, 

{h{H) + 5k„,^.x{i}) - {Io{H) + 5k„,,x{0}) = ±dpS. 

But ck^,.x{£} (e = 0,1) comes from /i|ij(R")x{e} which satisfies d/x|xj(R")x{e} = 
(pa X idj£})*iu)A/6. Hence ck^^.x{e} works as a correction term for IsiH). Thus 
we see that H is independent of the choices of symmetric vols^-i ■ 

Similar arguments work when we fix volgn-i and use two different volgj-i^s (in 
this case we can choose p, of the form q*fj, where q : X, (R") x [0, 1] X, (M") is 
the projection, because the graph H2 contains no 77-edges and hence we do not use 
volgj-i to define the correction term). □ 
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